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1. Introduction and statement of main results 



A CLASS OF SUPERRIGID GROUP VON NEUMANN ALGEBRAS 
ADRIAN IOANA(i\ SORIN POPA^^^, AND STEFAAN VAES^^^ 

Abstract. We prove that for any group G in a fairly large class of generalized wreath product 
groups, the associated von Neumann algebra LG completely "remembers" the group G. More 
precisely, if LG is isomorphic to the von Neumann algebra LA of an arbitrary countable group A, 
then A must be isomorphic to G. This represents the first superrigidity result pertaining to group 
von Neumann algebras. 

o 

(N 

^. 

A countable discrete group G gives rise to a variety of rings and algebras, studied in several areas of 
•^ ■ mathematics, such as algebra, finite group theory, geometric group theory, representation theory, 

^^ \ non- commutative geometry, C*- and von Neumann operator algebras. A common underlying theme 

is the investigation of how the isomorphism class of the ring/algebra depends on the group G. 

j^ \ Thus, by letting the (complex) group algebra CG act on the Hilbert space £^G by (left) convolution 

and then taking its closure in the operator norm, one obtains the reduced group C*-algebra C*G, an 
important object of study in non-commutative geometry (e.g., related to the Novikov conjecture, 
see |Co94j ). In turn, by taking the closure of CG in the weak operator topology one obtains 

^ ■ the group von Neumann algebra LG, introduced and studied by Murray and von Neumann in 

CN ; |MvN36l[MVN43] . 

When passing from CG to LG, the memory of G tends to fade away. This is best seen in the 
torsion free abelian case, where CG remembers G completely (see e.g. |Hi40] ) . while all LG are 

C^^ ' isomorphic (because LG = L°°(G) = L°°([0, 1])). Conjecturally, if G is an arbitrary torsion free 

group, then the only unitary elements in CG are the multiples of the canonical unitaries {ug)g^G 
(see |Hi401lKa70] . where in fact the conjecture was checked for all orderable groups). On the other 
hand, the weak closure CG = LG entirely wipes out this structure. The intermediate case C*G 
appears to be closer to CG than to LG. Indeed, if G is abelian torsion free, then the group of 

rS I connected components of Z^(C*G) coincides with G so that C*G completely remembers G (this is 

j^ ■ obvious when G = Z" and passes to inductive limits Z"-^ "^-t- Z"'^ ^-t- • • • ) . The non-commutative 

case is very poorly understood. It seems not even known whether C*G always remembers a torsion 
free group G. This question is particularly interesting for free groups, G = F„, where a result 
in |PV82) already shows that C*F„ are non-isomorphic for different n's. In fact, when combined 
with results in |DIIR97| IRi87 ] . if follows that the group of connected components of Z//(C*F„) is 
isomorphic to Z". 

For von Neumann algebras, the really interesting case is when LG has trivial center, i.e. when LG 
is a III factor, corresponding to G having infinite conjugacy classes (ice), see |MvN43j . Here again, 
like in the abelian case, a celebrated result of Connes |Co76] shows that all IIi factors coming 
from ice amenable groups are isomorphic to the hyperfinite IIi factor of Murray and von Neumann. 
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While non-amenable groups G were known since |MvN43[ ISc63| to produce non-hyperfinite factors 
LG and an uncountable family of ice groups with the associated IIi factors non-isomorphic was 
constructed in |McD69) . very little is known of how LG depends on the group G, especially when 
G is a "classical" group like SL(?7-, Z), or a free group F„. For instance, it is a famous open problem 
whether the factors LF„, n ^ 2, are non-isomorphic. In the same vein, a well known conjecture 
of Connes |Co80b] asks whether LG = LA for ice property (T) groups G, A implies G = A. This 
conjecture remains wide open, notably for G = SL(n,Z), n ^ 3. Note however that by |CH89| . 
if G, A are lattices in Sp(n, 1), respectively Sp(m, 1), then LG = LA implies n = m. Along these 
lines, several recent results in deformation rigidity theory provide classes of groups G for which 
any isomorphism LG ~ LA, with G, A E Q, entails isomorphism of the groups G ~ A (see e.g. 
[PoOlbl IPo041 IIPP051 IPV06J , etc) . This is for instance the case for the class Q of all wreath product 
groups Z/2Z I r with F having property (T) |Po04j . At the opposite end, using [Co76j and free 
probability it has been shown that L(Fi * F2 * • • • * F„) ~ LF„, for any infinite amenable groups 
Fj and n ^ 2, see |Dy93| . Other unexpected isomorphisms between group factors can be found in 
Section [9l 

In fact, more than just distinguishing between property (T) group factors, a positive answer to 
Connes' rigidity conjecture implies that the IIi factor LG of an ice property (T) group G uniquely 
determines the group G. Indeed, by |CJ85j . if LG ~ LA and G has property (T), then A automat- 
ically has this property, showing that in Connes' conjecture it is sufficient to assume property (T) 
only on the group G. This gives its statement a W*-superrigidity flavor, in the same spirit as the 
recent superrigidity results for group measure space IIi factors ( |PV091IIol0j ). showing that certain 
classes of free ergodic probability measure preserving group actions G r\ {X, /i) can be completely 
recovered from their associated IIi factors L°°(X) x G. 

However, the superrigidity question for group factors is much harder, and all this progress in group 
measure space factors could not be exploited to obtain even one single example of a W*-superrigid 
ice group G, i.e. for which LG completely remembers G, in the sense that any isomorphism of LG 
and an arbitrary group factor LA forces the groups G, A to be isomorphic. 

In this paper we provide a large class of generalized wreath product groups G which are W*- 
superrigid. For instance, we show that given ANY non-amenable group F, its canonical "augmen- 
tation" G = (Z/2Z)'^ XI (F ; Z) is superrigid, where the set / is the quotient (F I Z)/Z on which 
the group F ; Z = T^ > x Z acts by left multiplication. In fact, we show that any isomorphism 
between LG and an arbitrary group factor LA is implemented by an isomorphism of the groups. 
More precisely, we prove the following general result: 

Theorem 1.1. Let Fq be any non-amenable group and let S be any infinite amenable group. Define 

(s) 
the wreath product group F = Fq ysS and consider the action ofT on I = T / S by left multiplication. 

Let n be a square-free integer and define the generalized wreath product group 

Lf A is any countable group and n : LA — )■ L(G)* a surjective -^-isomorphism for some t > 0, then 
t = l and k^G. 

In the special case where n = 2, 3, the *-isomorphism vr is necessarily group-like: there exists an 
isomorphism of groups (5 : A — t- G, a character a; : A — t- T and a unitary w £ LG such that 

tt{vs) = uj{s) w us(^s) w* for all s £ A . 

Here {vs)seA o-nd {ug)g^G denote the canonical generating unitaries of LA, resp. LG. 

Theorem 18.31 below provides a much wider class of generalized wreath product groups G = ^ ?/ F 
such that the group factor LG remembers the group G. 
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The conclusions of Theorem II .11 do not hold however for plain wreath products G = :^lT. Nev- 
ertheless we will see in Theorem 18.21 that it is still possible to describe more or less explicitly all 
groups A with LG = LA. But this description does not allow to classify these groups A up to 
isomorphism. The groups A with LG = LA can be quite different from G, as illustrated by the 
following result that we prove in Section [9j 

Theorem 1.2. Let T be a non-trivial torsion free group and Hq a non-trivial finite abelian group. 
Then, there exists a torsion free group A with L(A) = L{Hq iT). In particular, A ^ Hq I P. 

Let n ^ 2 and let Hq he a non-trivial finite abelian group. There are infinitely many non-isomorphic 
groups A for which LA = Ij{HqI PSL(n, Z)). 

We mention that in the final Section [10] we show that some of our methods allow to extend |Iol01 
Theorem A] and prove W*-superrigidity for Bernoulli actions F r\ (Xq, /^o)'" of groups F that admit 
an infinite normal subgroup with non-amenable centralizer. We refer to Theorem 110.11 for a precise 
statement. 

Structure of the article and comments on the proofs. The fact that large classes of gener- 
alized wreath product groups turn out to be W*-superrigid should come as no surprise, since such 
groups have been recognized for some time to be "exceptionally rigid" in the von Neumann algebra 
context (cf. [PoOlal IRMI iR^Hil IPoOGal IPV06I IPV 09 , Io06. [CinkllfoT0] V This is due to the Bernoulh 
type crossed-product decomposition that a wreath product group has, G = H Ij F = H^ > xi F, a 
feature that makes its associated von Neumann algebra M = LG "distinctly soft" on the side of 
LH^^' C M, once H is assumed amenable. Such softness is a consequence of the malleable defor- 
mations that III factors arising from Bernoulli actions were shown to have ( [PoOlal IPo03| ) . This 
property allows the recovery of all "rigid parts" of LP, such as subalgebras generated by subgroups 
Fq C F having either relative property (T), or non-amenable centralizer. Playing rigidity against 
deformability properties of an algebra in this manner became a paradigm of deformation/rigidity 
theory (see [PoOlal [Po03l iPoOil IPoOBal IPoOBbj ). Then in [PV06J it was reahzed that if F r> / is 
of the form F r\ F/Fq, with Fq a "malnormal" subgroup of F, the overall rigidity of M can be 
considerably enhanced, while the discovery in [Io06] of a new malleable deformation for generalized 
Bernoulli actions and wreath product groups unraveled more of their rigidity properties. The recent 
work in [PV09[ lIolO] pushed the deformation/rigidity analysis of such group actions even deeper, 
notably through the systematic usage of "comultiplication"-type embeddings A : M ^^ M®M in 
[loTO] (cf. also [PV09] ). 

In order to prove Theorem 11.11 we use the entire arsenal of ideas and techniques developed in these 
previous papers. Yet recovering the discrete structure G = H Ij T (rather than the action F r\ 
IjH^^\ as in [Po04[ [PV09[ lIolO] ) inside the algebra LG requires more intricate deformation/rigidity 
arguments and a lot of technical effort. This work, which takes the entire Sections H] through [51 leads 
us to a crucial correlation between G and any other group implementing the same von Neumann 
algebra. More precisely, we show that the comultiplication on LG induced by an arbitrary group 
A C LG satisfying LA = LG is unitarily conjugate to the initial comultiplication induced by G, 
with the corresponding unitary satisfying a "dual" 2-cocycle relatioixj. One of the big novelties in 
this paper is how we derive an isomorphism of the groups G, A out of this 2-cocycle. We do this in 
Theorem 13. 3[ which is essentially a vanishing of 2-cohomology result. 

One should mention that a particular case of this result, which we emphasize separately as Theorem 
13.11 provides a surprising characterization for the unitary conjugacy of arbitrary ice groups A, G 



To be more precise we only find a unitary Q satisfying the formulas Hl.l[l on page[5l but this suffices to deduce 
that rj is a dual 2-cocycle. 
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giving the same IIi factor, LA = LG. To state it, we use the (asymmetric) Hausdorff distance 
between subgroups U and V of the unitary group U{M) of a IIi factor, defined by 

distil. ||2(Z^, V) := sup( inf \\u — v\\2 ] ■ 

Denote by Tli the group of unitaries Au, A S T, u G ZY and notice that dist||.||2(TZ^, TV) ^ \/2 for 
any subgroups ZY, V C U{M). We prove in Theorem 13.11 that if M = LG = LA are two group von 
Neumann algebra decompositions of the same IIi factor M then distiuuCTG, TA) < ^/2 if and only 
if TA and TG are conjugate by a unitary in M. 

To describe in more details the content of Sections SHSl let G = Hq Ij T he a. generalized wreath 
product group as in Theorem ll.il (or the more general Theorem 18. 3|) . Write M := LG and assume 
that M = LA is another group von Neumann algebra decomposition. Denote by A : M —t- M(g)M : 
A(vs) = Vs^Vs,s G A, the comultiplication corresponding to the decomposition M = LA. Observe 
that M = LG can be viewed as the group measure space construction M = L°°(Xq) xi F, where 
Xq = Hq is the Pontryagin dual of Hq equipped with the Haar probability measure and where 
r r\- Xq is the generalized Bernoulli action. 

In |IolOj . a classification result for embeddings A : M — t- M iJD M was obtained in the case where 
M = L°°(Xq) XI r is the group measure space IIi factor given by the plain Bernoulli action of 
an ice property (T) group L, or more generally an ice group T that admits an infinite normal 
subgroup with the relative property (T). We extend these results to generalized Bernoulli actions. 
This generalization is technically painful, but unavoidable in the light of Theorem 11.21 



We analyze the embedding A : M — )■ M®M in three different steps, corresponding to the SectionsHl 
[5]and[6l In this analysis we use much of the ideas and techniques developed in deformation/rigidity 
theory over the last years. Nevertheless, apart from the preliminary Section [2] where we also recall 
the notion of intertwining bimodules [PoOSj , our article is essentially self-contained and the Sections 
m [5] and [6] contain independent results, each having an interest on their own. 

We write A = L°°(Xq) and denote by {ug)g^Y the canonical unitaries in the crossed product 
M = A-aT. 

• In Section S] we elaborate results from [Po03[ II0O6 ] implying that under the right assumptions 
rigid subalgebras of generalized Bernoulli crossed products M = L°°(Xq) xi T have an inter- 
twining bimodule into LP, see Corollarv 14.31 Following |Io06j we consider the "tensor length 
deformation" 9p : M ^ M which is roughly defined as Op{Fug) = p^Fug when g G F and 
F G L°°(Xq) only depends on n variables in I. In Theorem 14.21 we describe which subalgebras 
Q (Z M have the property that Op converges uniformly to the identity on the unit ball of Q. 
This result readily applies when Q G M has the relative property (T), but also when Q has a 
non-amenable relative commutant, by the spectral gap argument from |Po06a] . 

Applied to the above comultiplication A : M — )■ M (8) M we will be able to assume that after 
a unitary conjugacy A(Lr) C L(F x F). 

• In Section [5] we prove the following. Assume that M = L°°{Xq) x F is a generalized Bernoulli 
crossed product and write A = L°°(ArQ). li D C M(^M is an abelian von Neumann subalgebra 
that is normalized by many unitaries in L(F x F) and if a number of conditions are satisfied, 
then the relative commutant D' 1^ M ® M can be essentially unitarily conjugated into A® A. 
This result and its proof are very similar to [lolOl Theorem 6.1] and very much inspired by 
the clustering sequences techniques from [Po04l Sections 1-4]. 

Applied to the above comultiplication A : M — )• M iS" M we may essentially assume that after 
a unitary conjugacy A(^)' f^M®M = A®A. 



A CLASS OF SUPERRIGID GROUP VON NEUMANN ALGEBRAS 



• In Section [6] we provide a very general conjugacy criterion for actions. Let N = B yi A and 
M = ^ X r be group measure space IIi factors. Assume that A^ C M in such a way that 
there exist intertwining bimodules from B into A and from LA into LL. Under a few extra 
conditions, we conclude that there exists a unitary Q G M such that Adil maps B into A and 
TA into TF. We refer to Theorem 16.11 for a precise statement. 

Applied to the above comultiplication A : M — )■ M®M, it ultimately follows that there exists 
a unitary Vt ^ M ® M such that 

(1.1) Q.*i:^{ug)Q. = u{g)us^(g)(^us^(g) for all 5 e r and il*A(y4)0 C A ^ , 

for some group homomorphisms (JjiF— )-r,CL':r— )■¥. 

Once (jl.ip above is established, we conclude that i7 G LA(g)LA satisfies a 2-cocycle and a symmetry 
relation. By the above mentioned vanishing of 2-cohomology Theorem 13.31 the main Theorems ll.il 
and 18.31 will follow. 



We finally refer to the lecture notes ^Vallj for an introduction to the results and techniques of this 
paper and |IolO] . 



2. Preliminaries 

2.1. Intertwining-by-bimodules. We recall from |Po031 Theorem 2.1 and Corollary 2.3] the 
theory of intertwining-by-bimodules, summarized in the following definition. 

Definition 2.1. Let (M, r) be a tracial von Neumann algebra with separable predual and P,Q C M 
possibly non-unital von Neumann subalgebras. We write P -<m Q (or P ~< Q \i there is no risk of 
confusion) when one of the following equivalent conditions is satisfied. 

• There exist projections p £ P, q £ Q, a *-homomorphism ip : pPp — )• qQq and a non-zero 
partial isometry v G pMq such that xv = Vip{x) for all x G pPp. 

• There exist a projection q G M„(C) (X" Q, a *-homomorphism c/9 : P — )• (7(M„(C) ® Q)q and a 
non-zero partial isometry v G (Mi^„(C) ® lpM)q such that xv = Vip{x) for all x £ P. 

• It is impossible to find a sequence n„ G 1^{P) satisfying \\EQ{xUny*)\\2 — ^ for all x,y G 
IqMlp. 

• There exists a subgroup U C tl{P) generating P as a von Neumann algebra for which it is 
impossible to find a sequence Un^U satisfying \\EQ{xUny*)\\2 — ^ for all x,y £ IgMlp. 

Remark 2.2. We freely use the following facts about the embedding property -<. 

If Qk C M is a sequence of von Neumann subalgebras and P y^ Qk for all k, considering the diagonal 
inclusion of P into matrices over M together with the subalgebra Qi(B ■ ■ ■ (BQi, we find a sequence 
of unitaries Un G 1^{P) such that for all k and all x,y £ Ig^Mlp, we have \\EQi^{xUny*)\\2 — ^ (see 
e.g. |Va071 Remark 3.3] for details). 

If p G P is a non-zero projection and pPp -< Q, then P ^ Q (see e.g. [Va071 Lemma 3.4]). Also, if 
P -< Q and B G Q has finite index, then P ^ B (see e.g. |Va071 Lemma 3.9]). Finally, although -< 
is not transitive, the following holds for von Neumann subalgebras P and B C Q. If P ~< Q and 
P -/( B, the *-homomorphism if in Definition 12. II can be chosen in such a way that the subalgebra 
ip{P) C Q satisfies ip{P) -/<q B (see e.g. [ VanTi Remark 3.8]). 
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2.2. Bimodules and weak containment. Let M, A^ be tracial von Neumann algebras. An M-A^- 
bimodule m^n is a Hilbert space % equipped with a normal unital *-homomorphism tt : M ^ B(^) 
and a normal unital *-anti-honiomorphism it' : N ^ B(?^) such that tt{M) and tt'{N) commute. 
We write x^y instead of 7r(x)7r'(y)^. The bimodule A/L^(M)jvf is called the trivial bimodule and 
(M(gii)L^(M (g) M)(i Af) is called the coarse bimodule. Given the bimodules m^tv and at/Cp, one 
can define the Connes tensor product % ®n fC which is an M-P-bimodule, see |Co941 V. Appendix 
B]. 

Every M-A^-bimodule m'^n gives rise to a *-homomorphism vr-^ : M (gjaig iV°P — )• B(?^) given by 
7r-^(x ® y)^ = x^y. We say that mT~{-n is weakly contained in mK,n, and write T-L Cweak ^, if 
||7rH(T)|| < ||7rc(r)|| for all T G M Oaig A^°P. Recall that "?{ Cwoak K, if and only if m^-n hes in the 
closure (for the Fell topology) of all finite direct sums of copies of mK-n- 

For later use we record the following easy lemma and give a proof for the convenience of the reader. 

Lemma 2.3. Let (M, r) be a tracial von Neumann algebra and P C pMp a von Neumann subal- 
gebra. Let pHm be a P-M-biniodule and k > 0. Assume that ^„ G 7^ satisfies 

\\aCn — CnO-W — )■ Va G P , \\^nx\\ ^ k||x||2 Vn G N , a; G M , limsup ||^nP|| > . 

n 

Then there is a non-zero projection pi G P' CipMp such that pL {piM)m is weakly contained in 
pV-M- 

Proof. Replacing ^„ by ^„p, we may assume that ^„p = ^„ for all n. Since \\inx\\ ^ k||x||2 for 
all X G M, define r„ G pM^p satisfying ||r„|| ^ k and {6.n,^nx) = riTnx) for all x G M. We 
have ||[a,r„]||i — )• for all a £ P. Since r(r„) = ||^n|P and ||T„|| is bounded, we can pass to a 
subsequence and assume that T^ ^ T weakly with T G pM^p, t{T) > 0. Note that T G P'CipM'^p. 
Take 5 G P' CipM^p such that T^/'^S is a non-zero projection pi. Define t/„ = ^nS. It follows that 
{rjn,arjnx) — t- T(piax) for all a G P, x G M. Hence, pL {piM)^ is weakly contained in p'H]\j. D 

2.3. Relative property (T). Let {M,t) be a tracial von Neumann algebra and P C M a von 
Neumann subalgebra. Following [PoOlbl Proposition 4.1], we say that P G M has the relative 
property (T) if every sequence '.pn '■ M ^ M oi normal completely positive maps that are sub- 
unital (Vn(l) ^ 1), subtracial {t o ifn ^ t) and satisfy ||93„(x) — x\\2 — > for all x G M, converges 
to the identity uniformly on the unit ball of P, i.e. 

sup llvJnla;) - x\\2 -)■ . 
xeP,\\x\\fii 

If Fq < Fi are countable groups, by |Po01bl Proposition 5.1] the inclusion LFq C LFi has the 
relative property (T) if and only if Fq < Fi has the relative property (T) in the usual group 
theoretic sense. 

2.4. Relative amenability. Recall that a tracial von Neumann algebra (M, r) is called amenable 
if the trivial M-M-bimodule is weakly contained in the coarse M-M-bimodule. 

Fix a tracial von Neumann algebra (M, r) and a von Neumann subalgebra Q C M. Jones ' basic 
construction {M^eq) is defined as the von Neumann subalgebra of B(L (M)) generated by M 
(acting on the left) and the orthogonal projection eq of L^(M) onto \j^{Q). Note that {M,eq) 
equals the commutant of the right Q-action on L (M). The basic construction (M, eq) comes with 
a semi-finite faithful trace Tr satisfying Tr(aeQ6) = T{ab) for all a,b £ M. We denote, for p = 1,2, 
by LP{{M,eq)) the corresponding L^-spaces. 
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Following |OP071 Definition 2.2], a von Neumann subalgebra P C pMp is said to be amenable rel- 
ative to Q ii pL?'{p{M,eQ))M weakly contains pL^(pM)j\/. By [OP07[ Theorem 2.1], P is amenable 
relative to Q if and only if there exists a sequence r„ G plJ'{{M^ eQ))~^p satisfying 

\\aTn — T„a||i — )• for all a £ P and Tr(r„x) — )• t{x) for all x G pMp . 

We say that a von Neumann subalgebra P C pMp is strongly non-amenable relative to Q if for all 
non-zero projections pi G P' D pMp, the von Neumann algebra Ppi is non-amenable relative to 
Q. Equivalently, none of the bimodules pL {piM)]\j with pi a non-zero projection in P' n pMp, is 
weakly contained in pL^(p(M, eQ))^- 

If P C pMp is amenable relative to Q and if A C eMe is a von Neumann subalgebra satisfying 
A ■<M P, then there exists a non-zero projection f G A' Ci eMe such that Af is amenable relative 
to Q. 

Note that 7v/L^((M, 6^))^ — m(L^(M) (gig L^(M))jv/- In particular, a von Neumann subalgebra 
P C p{N M)p is amenable relative to A^ iS" 1 if and only if pL {p{N M))(^]\[ ^ m) is weakly 
contained in (p^ i)L^(p(A^ ® M) ^M)(A^^l^M)• 
3. Symmetric dual 2-cocycles and isomorphism of group von Neumann algebras 

The main aim of this section is to prove the following result. Whenever A is a countable group and 
{vs)s£A are the canonical unitaries generating LA, we denote by TA the group of unitaries in LA 
of the form Xvg for A G T and s € A. 

Theorem 3.1. Let T and A be ice groups and LF = LA. Denote by {ug)g^T and {vs)seA the 
respective canonical unitaries. Denote by 



dist||.||„(TF,TA) = sup ( inf llu — vlU 

ugtf v-^gta 

the (asymmetric) upper Hausdorff distance. Then the following two statements are equivalent. 

• dist||.||2(TF,TA) < y/2. 

• There exists a unitary w £ LA, a character 7 : F — )• T and an isomorphism of groups 5 : F — )■ A 
such that 

wugw* = ^ig)v5{g) for all g eT . 

Defining the height of an element x G LA as 

(3.1) h\{x) := max{|T(xt;*)| | s G A} , 

it is an easy exercise to check that 

dist||.||2(x,TA) = ^Jl + \\x\\l-2hAix) . 

In particular, the assumption dist||.||2(TF, TA) < v2 in Theorem lS.ll is equivalent with the existence 
oi a 6 > such that h\{ug) ^ 5 for all 5 G F. 

Remark 3.2. Assume that F and A are countable groups and that LF is a von Neumann subalgebra 
of LA. Assume that dist||.||2(TF,TA) < v2. We do not know whether it is still true that there 
exists a unitary w G LA, a character 7 : F — t- T and an injective group homomorphism (5 : F — t- A 
such that wUgW* = ^{g)vs[g) for all 5 G F. 
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We will not be able to prove our main Theorem 18.31 by a direct application of Theorem 13.11 We 
rather need the following vanishing of cohomology theorem which at the same time will lead to a 
proof of Theorem 13.11 

Recall that every group von Neumann algebra LA is equipped with a natural normal unital *- 
homomorphism, called comultiplication, A : LA — )• LA LA given by A{vs) = f s (8> v^ for all s £ A. 
Observe that (A id)A = (id <^ A)A and that o" o A = A, where a{x (8> y) = y <^ x is the flip 
automorphism. We also use the tensor leg numbering notation for operators in tensor products. In 
this manner, ^21 = cr{X), X23 = 1 (X" X, X13 = (o" (8> id)(l (8) X), etc. 

Theorem 3.3. Let A be a countable group and A : LA — )■ LA LA the comultiplication. Suppose 
that G LA LA is a unitary satisfying 

^21 = /uO and (A(g)id)(il)(il(g)l) = ??(id(g) A)(il)(l(g)ri) 

for some //, ry G T. Then, fj, = rj = 1 and there exists a unitary w £ LA such that 

n = A{w*){w(g)w) . 

Proof. Put M = LA and H = £^(A). Define the unitary operators X^, Ph, h £ A hy the formulae 
A/i(5fc = 6hk and ph5k = 4h-i- Realize M ■.= {ph\ h£ A}". 

We view i°°{A) acting on H by multiplication operators. We define the unitary 

W £ £°°(A) M given by W{6g (g) 5h) = 5g® pgSh = Sg 5hg~i . 

Define the unitary 

X £B{H)®M ■.X = WVL . 

It is easy to check that A(x) = W*{x (g) l)W for ah x £ M. Also, 

(3.2) {id<S)A){X){l®n)=rjXisXi2. 

Whenever V C Ii{H), we denote by [V] the norm closed linear span of V inside B(i/). Define 

A := [{id(g)uj){X) \ u £ M^] . 

Step 1. The norm closed linear subspace A C B(i?) is actually a C*-algebra acting non-degenerately 
on H (i.e. [A H] =11). Moreover, A^^A* = A for all g £ A. 

Applying id (8) wi (g) 1^2 to ()3.2p , we get 

[AA] = [(id(8wi(8a;2)((id(g)A)(X)(l(g)Jl)) | a;i,a;2 £ M^] 

= [{id^Quj){[d0A){X) \uj£ {M0M),] = [{[d(S) ujA){X) \ 00 £ (M^M),] =A. 

Since A(x) = W*{x (gi 1)W, we can rewrite (|3.2p in the form 

(3.3) ^^12X2*3 = Xl^W^^Xu . 
Applying id (g cji (g a;2 , wi , a;2 G B{H)^,, we get 

A = [(id (8 wi (g tJ2) (^1*3 1^2*3 -^^12) I a;i,a;2 G B(i7)*] . 

Denote by Pg £ £°°(A) the natural minimal projections. Then B{H)^ = [ujPg \ co £ B{H)^,g £ A]. 
Hence, 

A = [(id^wiPg «)W2) (^1*3^^2*3X12) I wi,W2 G B{H)^,g £ A] 

= [{id(g)UJi(g)Uj2){Xl^{l(g)Pg(g,l)W23Xi2) I a;i,a;2 £ B{H)^,g£ A] . 

Since (Pg (g) 1)W* = Pg(^ p*g, we get 

A= [{id^uiPg0p*gUj2){Xl3Xi2) I wi,W2 £B{H)^,g£A] 

= [(id(ga;i (gW2)(Xi3Xi2) I ^1,^2 G B{H)^] = [A* A] . 
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Since A = [AA] and A = [A* A], it follows that yl is a C*-algebra. Also, 

[AH] = [(id ® u){X)H I uj G A/,] = [(1 ® ei)X{H ® 6) | 6,6 £ H] = H 

since X is a unitary operator. So, the C*-algebra A acts non-degenerately on H. 

Since ^(A^ 1)X* = Xg Pg, also 

A*(id oj){X)\g = (id u;pg){X) . 

Hence, A^ normalizes A. 

Step 2. We have ^ = 1 and ^ is an abelian C*-algebra. 

Applying id® cr to (|3.2p and using the fact that A = aoA, one gets X12X13 = /XX13X12. Applying 
id (8) cji (8) W2 to this formula, we get that ab = pba for all a,b € A. So, this formula also holds when 
a and b belong to A" , which contains 1. But then, p- = 1 and A follows abelian. 

Step 3. The closed linear span B := [AXg | (j( G A] is a C*-algebra that is ultraweakly dense in 
B{H). 

Since the unitaries A^ normalize A, it follows that B is a C*-algebra. Also, A G B and hence, B 
acts non-degenerately on H. It suffices to prove that B' = CI. Since the commutant of {A^ \ g G A} 
equals M, we have to prove that M Ci A' = CI. Take x G M n A' . Denote A = A" and note that 
X G A<® M. Since A is abelian, we have X12X13 = X13X12. Combining with ()3.3p . we have 

Hence, 

^^2*3X12X23(1 0x0 i)a:*3a:*2W23 = a:i2Xi3(i ® x ® i)x*3a:*2 . 

Since x G A', the left hand side equals (id A)(X(1 x)X*), while the right hand side equals 
X{1 (g) x)X* (g) 1. Denote by r the natural trace on M = LA. Then, (id (g) r)A(y) = r(y)l for all 
y e M. Applying id (g id (g) r to the equality (id (g A)(X(1 g) x)X*) = X{1 g) x)X* g) 1, we find 
y £ A such that X(l (g x)X* = y (g 1. But then, 

1 (g X = X*(y (g 1)X = y (g 1 . 

We finally conclude that x is a scalar multiple of 1. 

Step 4. The formula E{x) = (id (g t){X{x (g 1)X*) provides a normal conditional expectation of 
B{H) onto ^. 

Since A is abelian, we have E{x) = x for all x & A. So, it remains to prove that E{x) G ^ for 
all X G B(if). By step 3 it suffices to check this for x = aXg, a G A, g £ A. Since a (g 1 and X 
commute, we have 

E{aXg) = a(id T){X{Xg 1)X*) = a(id T){Xg p^) = T '! ^ T ""' 

[0 if 5 7^ e. 

End of the proof. Step 4 implies that ^ is a discrete von Neumann algebra. Let p €z Ahe & non- 
zero minimal projection. Since A is abelian, define the unitary w £ M such that X{p0l) = rjp0w. 
Multiplying ([3^2]) with p (g 1 (g 1, we get that A{w)Q. = w0w. So, fi = A{w*){w (g w). Then also 
(A id)(0)(0 1) = (id A)(0)(1 ® J]), implying that ?? = 1. D 

Before proving Theorem 13. ![ we state and prove the following lemma which has some interest of 
its own. 

Recall that a unitary representation of a countable group is called weakly mixing if {0} is the only 
finite dimensional invariant subspace. 
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Lemma 3.4. Let T, A be countable groups and assume that LF C LA. Denote by [ug)g^Y the 
canonical unitaries in LL. Denote M = LA and let (us)seA be the canonical unitaries in A. Let 
A : LA — )• LA ® LA be the comultiplication. Assume that the unitary representation Adug ofT on 
L^(M) Q CI is weakly mixing. 

If 0, G M (S> M is a unitary satisfying 0,(ug Ug)il.* G A(M) for all g G T, there exist unitaries 
w,v € M , a character 7 : F — t- T and an injective group homomorphism p : L — t- A such that 

wUgW* = 7((?)fp(g) for all g £ T and i7 = A{v*){w (S" w) . 

Proof Define vr : L -^ U{M) such that A{TT{g))n = n{ug (^ Ug) for all g e T. Write X = 
(A(g)id)(f]*)(id(g) A)(J7). Then, XgM^M^M is unitary and satisfies 

(3.4) {A{Ug)®Ug)X =X{Ug®/A{Ug)) 

for all 5 G r. Define Y = (X 1)(1 AT), which is a unitary va. M® M® M® M satisfying 

(A(tijj) (g)Ug(g) Ug)Y = Y{Ug (g)Ug(g) A{Ug)) 

for all 5 G r. It follows that the unitary representation ^ 1— >• {ug (E> Ug)^A{ug)* of T on L^(M M) 
is not weakly mixing. This yields a finite dimensional unitary representation ry : L — )■ IA{C^) and a 
non-zero vector ^ G C" iX" L (M (8) M) satisfying 

(77(5) ®Ug® Ug)i = £,A{Ug) 

for all gf G r. We may assume that r/ is irreducible. Since AA{ug ® Ug) is weakly mixing on 
L (M (g) M) Q CI and since rj is irreducible, it follows that ^^* is a multiple of 1. Hence, n = 1 and 
we have found a unitary Z G M®M and a character 7 : F — t- T satisfying 7((7)A(ng)Z = Z{ug®Ug) 
for all 5 G F. 

Since o" o A = A, it follows that ^21-^ commutes with Ug®Ug,g G F and hence, is a scalar multiple 
of L Since (A ® id)A = (id ® A)A, it also follows that (1 ® Z)*(id ® A){Z)*{A ® id){Z){Z ® 1) 
commutes with Ug®Ug® Ug for all ^f G F and hence, is a scalar multiple of 1. By Theorem 13.31 we 
find a unitary w €z M such that Z = A(w*){w (8) w). 

It follows that j{g)A{wUgW*) = wUgW* ®wUgW* for all 5 G F. This means that wUgW* = j{g)vp(g) 
for an injective group homomorphism p : F — t- A (see Lemma l7. II below for this well known fact). 
Put Aq = /o(F). Since Adug is a weakly mixing representation of F on L^(M), also (Adfs)sgAQ is 
weakly mixing, meaning that Aq C A has the relative ice property: {sts~^ | s G Aq} is infinite for 
all t£ A-{e}. 

Since Q{ug (g) Ug)il.* G A(M) for ah 5 G F, it follows that 

(3.5) n{w* w*) {vs <E) Vs) {w O w)n* G A(M) 

for all s G Aq. Since Aq C A has the relative ice property, we can take a sequence Sn G Aq such 
that Snts~^ — )• 00 for all t G A — {e}. It follows that 

\\EAiM){a{vs„ <8 Vsjb) - £^A{Af)(a) ^{vsj -E^a(m)(&)I|2 -^ 

for all a, 6 G M (g) M. Indeed, it suffices to check this for a and b of the form Vr ® Vt, r,t G A. 
Together with ([53]) . it follows that \\E^i^]^){Q{w* <Siw*))\\2 = 1, meaning that ^{w*(^w*) G A(M). 
We have found the required unitary v £ M such that Q = A{v*){w f^ w). D 

We are now ready to prove Theorem 13.11 

Proof of Theorem \3.1[ Denote by A : LA — )• LA ® LA the canonical comultiplication. Put LF = 
M = LA and denote by r the trace on M. Whenever x G M, we denote by x**, s G A the Fourier 
coefficient x^ := t{xv*). As above we define for all x G M the height h\{x) = max{|(2;)*| | s G A}. 
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First assume that dist||.||2(Tr,TA) < \/2. By the discussion after the formulation of Theorem 13. H 
we find a 5 > such that h\(ug) ^ 6 for all g £T. A straightforward computation then gives 

(r T){{A{Ug) ^ Ug){Ug ® A{Ug)r) = ^ 1^)^^ ^ 6^ 

sGA 

for all g GT. So, there exists a non-zero X G M M (^ M satisfying 

iA{Ug) fg) Ug)X = X{Ug ® A{Ug)) 

for all g GT. 

We also have M = LF. So, F is an ice group and (AdMg)ggr is a weakly mixing representation 
of F on L (M) Q CI. Since XX* commutes with all A{ug) (^ Ug, g' G F, it follows that XX* £ 
(A(M)' n M (g) M) 1. Since A is an ice group, A(M) has trivial relative commutant in M (g) M. 
Hence, XX* is a non-zero multiple of 1 and we may assume that X is a unitary element of 

M0M^M. 

We can now start reading the proof of Lemma 13.41 at formula (|3.4|) and find a unitary w G M, a 
character 7 : F — >• T and an injective group morphism 5 : F — )• A such that 

wugw* = 'yig)us{g) for ah g £T . 

But then, 5 follows onto as well. 

Conversely assume that dist||.||2(irF,TA) = v2- So we can take a sequence gn G F such that 
h\{ug^) — )• 0. We claim that h\[aug^h) — )■ for all a,b G M. The claim is trivial if a and b are 
finite linear combinations of Vs,s E A and follows in general by approximating in || • II2 arbitrary 
a,6 G M by such finite linear combinations ao,6o satisfying ||ao|| ^ ||a|| and ||6o|| ^ ||6||. li w G M 
would be a unitary satisfying wUgW* G TA for all (7 E F, we arrive at the contradiction that 
1 = hA{wUg„w*) ^0. D 

Out of Connes' rigidity paper |Co80aj grew a series of rigidity results "up to countable classes" (see 
e.g. |Po01al Theorem 5.3(2)]. [Po01bl Theorem 4.4], |Oz021 Theorem 2], etc). In particular, it was 
pointed out in |Po06bl Section 4] that Connes' rigidity conjecture ( |Co80b| ) does hold true up to 
countable classes. More precisely, given an ice property (T) group F, there are at most countably 
many non- isomorphic groups Aj satisfying LF = L Aj . Besides "separability arguments" , the proof 
in |Po06b| makes crucial use of a result in [ShOO', Theorem, p. 5], which shows that every property 
(T) group is the quotient of a finitely presented property (T) group and thus allows to assume 
(when arguing by contradiction) that all Aj are a quotient of one and the same property (T) group. 
As a corollary of Theorem 13.31 we can give an alternative proof, not relying on Shalom's theorem. 

Proposition 3.5. Let F be an ice property (T) group. There are at most countably many non- 
isomorphic groups Aj satisfying LF = LAj. 

Proof. Put M = LF with corresponding canonical unitaries (ng)ggr- Assume that (Aj)jg/ is an 
uncountable family of groups such that M = LAj. Denote by {u^)g^\. the corresponding canonical 
unitaries. We need to find i i^ i such that Aj = kj. Note that all Aj are ice groups. Denote 
by Aj : M ^ M ® M the comultiplication that corresponds to the group von Neumann algebra 
decomposition M = LAj. 

Since F has property (T), take a finite subset K dV and e > such that every unitary represen- 
tation of F that admits a (X, e)-invariant unit vector, actually admits a non-zero invariant vector. 
Here, given a unitary representation vr : F — )• U(T-L), a unit vector ^ is called (i^, e)-invariant if 
hig)^ - ?IK e for all g G K. 

Since the Hilbert space L {M ^M) = £^(F x F) is separable, we can take i ^ j such that ||Aj(ug) — 
^^(^3)112 ^ £ for all g G K. Define the unitary representation vr : F — t- h({£'^{T x F)) given by 
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7r{g)x = Ai{ug)xAj{ug)* for all x £ M M. By construction, the vector 1 (S" 1 is {K,e) invariant. 
Hence, n admits a non-zero invariant vector i7 G L (M (^ M). So, Aj(a)i7 = i7Aj(a) for all 
a E M. Since A, is an ice group, the relative commutant of Aj(LAj) inside L(Aj x Aj) equals CI. 
It follows that Jl is a non-zero multiple of a unitary element in M ® M. Hence, we may assume 
that n €U{M0M). 

Since A-,- = Ad $7* o Aj, one deduces, as in the proof of Lemma [3.41 that fi G L(Aj) L(Aj) satisfies 
the 2-cocycle and symmetry relation of Theorem l3.3l So, by Theorem [331 we find a unitary w G M 
such that Q = Ai{w*){w (8) w). Hence, for all g £ Aj, 

wu^gW* (8) wu^gW* = {w ® w)Aj{u-^g){w* ® w*) = Ai{wu^gW*) . 

So, by Lemma YTA\ below, we find for every g G Aj an element 5{g) G A, such that wugW* = u^fg)- 
It follows that 6 is an isomorphism of groups and hence Aj — Aj. D 

4. Support length deformation and intertwining of rigid subalgebras 

Let r r% / be an action of a countable group F on a countable set / and let (Aq, t) be a tracial von 
Neumann algebra. We denote {AI,t) := (^■^j{Ao,t). Put {A,t) = (A^,t) and M = A xi L. 

The following tensor length deformation of M = Aq >i T was introduced in |Io06| . For < p < 1, 
we define 



9p: M -^ M : 9p{aug) = p'^aug whenever fif G F , a G (^o © Cl)'^ and Jcl , \J\ 



n 



By |Io061 Section 2] there is an embedding M ^^ M and a 1-parameter group of automorphisms 
(at )jgiR of M such that 

(4.1) EM{at{x)) = Op^ix) for ah x £ M . 

We will recall this construction in the proof of Theorem 14.21 It follows in particular that Op is a 
well defined normal completely positive map on M. Also note that pi — )• 1 when t — )• 0. 

The length deformation 9p is a variant of the malleable deformation that was discovered in |Po03| . 
Both the length deformation and the malleable deformation allow to prove, under certain condi- 
tions, that rigid subalgebras of M can be conjugated into LF C M. Theorem 14.21 below is an 
adaptation of [PoOS,, Theorem 4.1] and [lolO, Theorem 2.1]. We first need a technical lemma and 
some terminology. 

Recall that if Q C M is a von Neumann subalgebra, we define Q^m^Q) '^ ^ consisting of the 
elements x G M for which there exist xi, . . . ,Xn,yi, ■ ■ ■ ,ym satisfying 



m 



xQ C y^ Qxi and Qx C 2, UjQ ■ 

i=i j=i 

Then, QN^(Q) is a *-subalgebra of M containing Q. Its weak closure is called the quasi-normalizer 
of Q inside M. By construction, both Q and Q' Ci M are subalgebras of Q^MiQ)- 

If F r> / and T C I, we denote by Stab J^ the subgroup of F given by Stab J^ '■= {g ^ ^ \ g • i = 
i for all i G J-"}. We also write Norm J^ := {g G Tmidg ■ T = J-}. If J- is finite. Stab J-" is a finite 
index subgroup of Norm J^. 

Lemma 4.1. Let T r\ I be an action. Let Aq C Bq and N be tracial von Neumann algebras. 
Consider M := N'^ {A^yi F) and M = N®{Bq xi F). Note that M C M. Whenever T dl, we 
denote Norm J^ := {^g £Y \ g • T = J-"}. 

1. If P C pM.p is a von Neumann subalgebra .such that P -/{_m ^ © (^o ^ Stabi) for all i £ I, 
then the quasi-normalizer of P inside pAip is contained in pMp. 
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2. If T C I is a finite subset and Q C q{N ® ^0)9 is a von Neumann subalgebra such that for 
all proper subsets Q d F we have Q -/^n®A^ ^ ® ^0 ' ^^^^ ^^c quasi-normalizer of Q inside 
qA4q is contained in q{N (8) (A xi Norm J^))g. 

3. If Q C I is a finite subset and Q C q{N (^ (A Xi Stabt/))Qi is a von Neumann subalgebra such 
that for all strictly larger subsets Q d Q' we have Q -A j^fAyiStab g) -/ViS" (^ xi Stab^'), then the 
quasi-normalizer of Q inside qMq is contained in q{N ® {A xi ^oiva.Q))q. 

Proof. Analogous to the proof of |Va07l Lemma 4.2]. D 

Theorem 4.2. Let T r\ I be an action and {Aq,t) a tracial von Neumann algebra. Assume that 
K G N such that Stab J is finite whenever J C I and \J\ ^ k. Put M = Aq xi F as above. 

Let (N, r) be a tracial von Neumann algebra and Q C p{N M)p a von Neumann subalgebra. 
Denote by P C p{N M)p the quasi-normalizer of Q. If for some < p < 1 and 6 > we have 

(4.2) r(6*(id «) ep){b)) ^ 6 for all b G U{Q) , 

then at least one of the following statements is true. 

• Q ^N(g,l. 

• P ^ N'^ {A Xi Stab i) for some i e I. 

• There exists a non-zero partial isometry v G p{N (8) M) with vv* G P and v*Pv C N <^ LP. // 
r is ice and N is a factor, we may assume that vv* G Z{P). 

Proof. We recall from [I0O6' Section 2] the following construction. Put Bq = Aq* LZ, with respect 
to the natural traces. Denote by w G LZ the canonical unitary generator and choose a self-adjoint 
element h G LZ with spectrum [— 7r,7r] such that v = exjp{ih). Denote by a^ G Aut(i?o) the inner 
automorphism given by a^ = Adexp(it/i). Put B = Bq and at = (S)jg/CKj. Since at commutes 
with the generalized Bernoulli action, we extend at to an automorphism of M := i? x P satisfying 
Oit{ug) = Ug for all 5 G P. Then ()4.ip above holds with pt = \ ^'"^^ | . 

Denote by /3o G Aut(i?o) the automorphism given by /3o(a) = a for all a G Aq and /3o(f) = v* . 
Define /3 = (H)^^/ /^o ^'iid extend /3o to M by acting trivially on LP. By construction, /?^ = id 
and (3 o at o (3 = a-t. We continue writing Of , /3 instead oi id® (3 and id (8> a* on A^ (8 M . Write 
M := N®M and M := N®M. By (fO]) . for all x G A^, we have EM{at{x)) = (id (8 6'pJ(x). 

Assume now that Q and P are as in the formulation of the theorem and that (|4.2p holds. Assume 
that for all i £ I, we have P -/^ N (A xi Stabi). Given von Neumann subalgebras Qi,Q2 C M, 
we say that x G A^ is (5i-Q2-finite if there exist xi, . . . ,Xn,yi, . . . ,ym G A^ such that 

n m 

xQ2C^^QiXi and Qixc'^yjQ2- 
i=i j=i 

Note that by definition Q^pMpiQ) equals the set of Q-Q-finite elements in pAip. 

We follow the lines of |Va071 Proof of Lemma 5.2] to prove the following claim: there exists a 
non-zero Q-ai{Q)-iimte element in pMai{p). Combining (|4.2|) and (|4.1|) . we find an n G N such 
that writing t = 2~", we have r(6*aj(6)) ^ 6 for all unitaries b G Q. Define v £ Ai as the element of 
minimal 2-norm in the || • ||2-closed convex hull of {b*at{b) \ b G U{Q)}. Then, t{v) ^ 6 and hence, 
V ^ 0. By construction, v G pAiat{p) and bv = vat{b) for all b £ Q. Hence, v is Q-at{Q)-fi'n.ite. 

To conclude the proof of the claim, it suffices to show the following statement: if there exists a 
non-zero Q - at (Q) -Unite element v G pAiat{p), then the same is true for 2i instead of t. For all 
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d G QNp_yvip((5), we have that at{l3{v*)dv) is a (5-a2t(<3)-finite element in pM.a2tip)- So, we have 
to prove that there exists a d G Q^pMviQ) such that f3{v*)dv ^ 0. If this is not the case and if 
we denote by q G pMp the projection onto the closed linear span of all {Im(dt') | d G QNp_yv(p((5)}, 
it follows that q and /3(g) are orthogonal. By construction, q commutes with P. By Lemma |4. 11 1. 
q G pAip. Hence, q = I3{q) and it follows that g = 0. But then, u = 0, a contradiction. Hence, the 
claim is proven. 

Since there is a non-zero (5-ai((3)-finite element in 7W, we have in particular that ai{Q) -<7-r Ai. 

For every finite subset J^ C I, define M{J^) := N0{A^ x Stab J"). By convention, A^(0) = N0LT. 
We now prove that there exists a finite, possibly empty, subset F <Z I such that Q -<» 7W(J^). 
Assume the contrary and take a sequence of unitaries Vn & Q such that 

(4.3) ||ii^_A/((jr)(at'„6*)||2 — )• for all a,b £ M and all finite subsets Fdl . 
We will deduce from this that 

(4.4) \\EM{xai{vn)y*)\\2 ^ ^ for all x,y£M. 

Formula ()4.4p implies that ai(Q) 7^ rr A^, contradicting the statement ai{Q) ^rr A^ proven above. 

We now deduce ()4.4p from ()4.3p . Let J^ C / be a finite subset and Xj G i?o©^o"i(^o) for all i £ F. 
Put Xj = 1 when i £ I — F and define x = Iat (8) (S)jg/ ^«- '^^^ linear span of all M.x{lj\f iS" ai{A)) 
forms a dense *-subalgebra of A^. So it suffices to prove (|4.4p for x,y having such a special form: 
X as above and y = 1 (^ (S)ig/ ^i ^li^re ?/j £ BqQ AQai{AQ) when j belongs to a finite subset Q d I 
and yj = 1 when j ^ G- 

Denote Vn = Yliq&ri'^riyO' ® '^g)-> where {vnY £ N ® A^ and observe that 

EM{xai{vn)y*) = ^Ej^^ji^{xai{{vnY)<Tg{y*)){l®Ug) . 
ger 

li g ■ Q y^ F, we have £';v^^(xai((un)^)crg(y*)) =0. If g ■ Q = F, we have 

E,^^j^{xai{{Vny)(Tgiy*)) = E^jy^^ (x Ol (E^^^^^F ((Un)^)) (Tg{y*)) . 

Take finitely many gi, . . . ,gk £ T such that gij • ^ = J^ for alH G {1, . . . , A;} and such that {g £ T \ 
g ■ Q = F} is the disjoint union of (Stab-F)5fi, . . . , (Stab-F)^^. Put 



k 



We have shown that 

EM{xai{vn)y*) = EM{xai{zn)y*) . 

Since by (031), Iknib -^ 0, we get (03]). 

So, take a finite subset F C I such that Q ^ N {Aq x Stab J-"). We already assumed that for all 
i £ I we have P y^ N f^ (A y<i Stab i). We now also assume that Q -/{ N ®1 and we prove that the 
third statement of the theorem holds. 

Take a larger finite subset Q D F such that Q ~< N ^ {Aq x Stab^) where Q satisfies one of two 
alternatives: Stab^ is finite ov Q -/^ N (^ {Aq x Stab^') whenever Q' is strictly larger than Q. 
We claim that the first alternative does not occur. If it would, we get that Q ^ N (^ A-^. Since 
Q -A N f^ 1, we have J-" 7^ and we can make F smaller, but still non-empty, until for all proper 
subsets F' C F we have Q -/^ N ® Aq . So we can take projections po £ Q, q £ N ® Aq, a 
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*-homoniorphisni (/? : poQpo — ^ q{N (^ ^0)9 and a non-zero partial isometry v G poAdq such that 
bv = vip{b) for aU b £ PoQpo and such that 

whenever J^' C J- is a proper subset. Lemma 14.11 2 imphes that v*Pv C N {A yi NormJ^) and 
hence P ~< N (Axi Norm J^) . Since J- is finite and non-empty, Stab J-' has finite index in Norm J^ 
and we reach the contradiction that P ~< N 0{Ayi Stab i) for some i G I. This contradiction proves 
the claim above. We conclude that Q -< N (A^ xi Stab^) and that Q -/{ N® {A^ xi Stab^') 
whenever Q' is strictly larger than Q. 

Take projections po £ Q, q £ N {Aq x Stab^), a *-homomorphism ip : poQpo — ^ q{N {Aq x 
StahQ))q and a non-zero partial isometry v £ Po-Mq such that bv = V(p(b) for all b £ PoQpo and 
such that 

(4.5) ^{Q) 7«;v®(Aif xstabg) N0{A^>^ Stab G') 

whenever G' is strictly larger than Q. 

We claim that Q = 9 (and hence also J-" = 0). Assume the contrary. Then ()4.5p implies in particular 
that 

V^iQ) 7^7V^(AMStabg) iV^(^ X Stabg') 
whenever Q' is strictly larger than Q. Then Lemma F4.1l 3 implies that v*Pv C N0 {A x Norm Q) and 
hence P ~< A^® (A x Norm^), which leads as above to the contradiction that P ~< N f^{Ayi Stabi) 
for some i £ I. This proves the claim. 

By the claim above, J- = G = f/i. Note that vv* commutes with poQpo and hence belongs to P. 
Also, by ()4.5p and Lemma 14.11 1 we get that v*Pv C A^(8>Lr. Finally, assume that A^ is a IIi factor 
and that T is ice. Take partial isometrics vi, . . . ,Vn £ P with v*Vi ^ p and such that X^ILi ^j^j* ^^ ^ 
central projection in P. Since A^(8)Lr is a IIi factor, take partial isometrics wi, . . . , Wn £ A^^LL such 
that WiW* = v*v*ViV and such that the projections w*Wi are orthogonal. Define x = X^"=l^'^^'w^. 
Then, x is a partial isometry satisfying xx* £ Z{P) and x*Px C N (Si LF. D 

Recall from paragraphs 12.31 and 12.41 the concepts of relative property (T) and relative amenability 
of von Neumann subalgebras. 

Corollary 4.3. Let F be an ice group and T r\ I an action. Assume that k £'N such that Stab J is 
finite whenever J <Z I and \J\ ^ k. Assume that Stabi is amenable for all i £ I. Put A = Aq and 
M = ^ X F as above. Let {N, r) be a IIi factor and Q C p{N M)p a von Neumann subalgebra 
satisfying at least one of the following rigidity properties. 

• Q <Z p{N (8> M)p has the relative property (T). 

• Q' r\ p{N (8> M)p is strongly non-amenable relative to N fS 1- 

Denote by P C p{N (g) M)p the quasi-normalizer of Q inside p{N (gi M). Then, at least one of the 
following statements is true. 

• Q -< N(S1. 

• P -< A^ (A X Stab i) for some i £ I. 

• There exists v £ N ® M with vv* = p and v*Pv C N (S LF. 

Proof. Assume that Q -/^ N 01 and that for all i £ L, we have P -/^ N {A y^ Stab i). It is sufficient 
to prove the following statement: for every non-zero central projection pQ £ Z{P), there exists a 
< p < 1 and a 5 > such that 

(4.6) T{b*{id ep){b)) ^ 6 for all b £ U{Qpo) . 
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Indeed, in these circumstances Theorem 14.21 provides a non-zero partial isometry v such that vv* G 
Z{P)pq and v*Pv C N LF. Moreover, since A^ LF is a IIi factor, we can make sure that v*v 
is any projection with the same trace as vv* . As a result, a maximality argument allows to put 
together several f 's and find a partial isometry v G N ® M such that vv* = p and v*Pv C N LF. 

Choose a non-zero central projection pQ G Z[P). 

If Q C p{N (g) M)p has the relative property (T), the same is true for Qpo C Pq{N M)pQ. When 
/9 — )• 1, the completely positive maps Op tend pointwise to the identity. The relative property (T) 
yields the existence of < p < 1 and 5 > such that (|4.6p holds for all h G U{Qpq). 

If Q' n p{N ® M)p is strongly non-amenable relative to N ®\^ the same is true for (Qpo)' n po{N (g 
M)po. 

Consider the von Neumann algebra M as in the proof of Theorem l4.2l Recall that M C M = B yiT 
where B = Bq and Bq = Aq* LZ. Also, 9pt{x) = EM{at{x)) for ah x G M. 

As explained in paragraph 12.21 we denote by Cwcak the weak containment of bimodules. We claim 
that 

(4.7) mL^(M e M)m Cweak (A/ ® i)L^(M ® M\i ^ M) ■ 

In the case of plain Bernoulli actions, this claim has been proven in |CI08l Lemma 5]. For the 
convenience of the reader we include a proof in our generalized Bernoulli case, using the amenability 
of all Stabi, i G I. 

Denote by u the canonical unitary generator of LZ C Bq. Choose a subset ^o C AqQCI such that 
^0 forms an orthonormal basis of L^(ylo) CI. Define the subset Bq C Bq given by 

Bo := {n"iain"2 . . . Ofc-iu"* | A: ^ 1 , ni, . . . , n^ G Z - {0} , oi, . . . , ak-i G Aq} ■ 

By construction, we have a decomposition 

L^{Bo) = L\Ao)e^AM^ 

beBo 

of L (i?o) into orthogonal Ao-vlo-subbimodules. 

Whenever J^ C / is a non-empty finite subset and (bi)i^jr are elements in Bq, we define the element 
b £ B as 



(4.8) 6=((^?^.j0((^ 1^ 

Define the subgroup S <T given by 

S := {g £ T \ g ■ T = T and bg.i = hi for all i G -F} . 

Define Mq = ^q^ x S. One checks that the map x y — t" xby defines an M-M-bimodular unitary 
operator 



V{M) (g)A/o L^(M) -^ MbM . 

Since J- is finite, S D Stab i < S has finite index for alH G J^ and so, S is amenable. It follows that 
Mq is amenable and hence, 

m(L2(M) ®Mo L2(M))m Cwcak (Af ®1)L2(M® M)(i55M) • 

Since the MbM, b as above, form an orthogonal decomposition of L (M Q M) into M-M-subbi- 
modules, the claim ()4.7p follows. 

As in the proof of Theorem K2\ denote M := N® M and M := N® M. By claim (|4.7p we have 
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Write T := {Qpo)' H poMpQ. Since T is strongly non-amenable relative to N (^ 1, it follows that 
for all non-zero projections pi G T' ^po^ApQ, the bimodule t^'^{pi-M)m is not weakly contained in 
tL^(po(-A^ © -^))a^- By Lemma [231 we get a finite number of elements oi, . . . , a^ G T and e > 
such that 

if X € poAipo , ||x|| ^ 1 and ||aj2; — xaj||2 ^ e Vi = 1, . . . ,n , 
(4.9) 1 

then \\x - Em{x)\\2 ^ jWpoh ■ 

Taking t close enough to 0, we can make \\ai — at{ai)\\2 and \\po — at(po)||2 so small that, using the 
commutation of Qpo with ai, . . . , o„, we get 

\\ai poatib)po - poat{b)po ai\\2 i^ e and \\at{b) - poat{b)po\\2 ^ -\\po\\2 ior all b £ U {Qpo) . 

Applying ()4.9p to x = Poat{b)po, we conclude that ||x — £'x(x)||2 ^ jllPolb and hence, 

\\at{b) - EM{at{bm2 ^ ^Wpoh for all b G U{Qpo) . 



Put p = Pt- For ah b G U{Qpo), we get 



9 



r(po) -r(6*(id0 0p)(6)) = r(po) - ||(id O 0pJ(6)||^ = ||ai(6) - i?>,(at(6))||2 ^ ^^^(po) • 
Hence, (jM]) holds with 5 = ^r(po)- □ 

Remark 4.4. We make the following two observations about Corollary 14.31 but we do not use 
them in the rest of the paper. In the situation where Q C p{N ® M)p has the relative property 
(T), Corollarv 14.31 can be strengthened in two ways. First of all, the same conclusion holds without 
the assumption that Stab i is amenable for all i £ I. In the relative property (T) part of the proof, 
we did not use the amenability of Stab*. Secondly, if we assume that Stabz is amenable and that 
Q C P has the relative property (T), then it is easy to see that the option P ~< N (A xi Stab i) 
actually implies that Q -< A^ (8) 1 . 

5. Clustering sequences techniques and intertwining of abelian subalgebras 

Throughout this section assume that F nv / is an action of the countable group F on the countable 
set /. Assume that k > such that the stabilizer Stab J-" is finite whenever J-" C / is a subset with 
|J^| ^ K. Let (Ao,/io) be a non-trivial standard probability space and put A := L°°{Xq), together 
with the action T r\ A given by the generalized Bernoulli shift. Define M = A >iT. 

We prove a strong structural result for abelian von Neumann subalgebras D C (M M)* that 
are normalized by many unitaries in (LF ® LF)*. Later we shall apply this structural result to 
D = A(^) whenever A : M — )■ (M M)* is (the amplification of) the comultiplication given by 
another group von Neumann algebra or group measure space decomposition of M. This structural 
result and its proof are very similar to [lolOl Theorem 6.1]. We give however all the details because 
the generalization from plain Bernoulli to generalized Bernoulli actions is not totally innocent. 
Both here and in |IolOj the technique is very much inspired by the clustering sequences techniques 
from |Po041 Sections 1-4]. For a more gentle introduction to these matters, we refer to the lecture 
notes [Vallj . 

Theorem 5.1. As above letT r\ I be such that Stab J-" is finite whenever T d I and \J-\ ^ k. Put 

A := L°°(A^) and M = AxiT. 

Assume that t > and that D C {M®MY is an abelian von Neumann subalgebra that is normalized 
by a group of unitaries {'y{s))seA that belong to (LF LF)*. Denote by P C {M ® M)* the quasi- 
normalizer of D inside [M ® M)^ . Make the following assumptions. 
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(1) D^M®landD^l®M. 

(2) For alii ^ I we have P 7^ M ^ (A x Stab i) and P ^ {A yi Stab i) M. 

(3) P 7^ M ^ Lr and P 7^ LF ^ M. 

(4) For alii £ I we have 7(A)" 7^ L(r) L(Stab i) and 7(A)" 7^ L(Stab i) L(T) . 

Denote C := D'n{M0MY. Then for every non-zero projection q G Z{C) we have that Cq -< Ai^A. 

Remark 5.2. To avoid unnecessary notational complexity we did not formulate the obvious more 
general result for subalgebras of (Mi M2)* where Mi = L°°{X-^) x Fj and where both Fj r\ li 
satisfy the finiteness assumption on the stabilizer groups. Also there is an obvious version of the 
theorem for subalgebras D C M* that are normalized by unitaries 7(5) G L(r)*- 

Proof. Note that because D is abelian, we have Z{C) = C D {M^My. 

The main part of the proof consists in showing that for every non-zero projection q G Z{C) we 
have that Cq -< M ® A. At the end we then deduce that actually Cq -< A® A for every non-zero 
projection q G Z{C). Consider 

V := {qi G Z{C) I gi is a projection and for every non-zero projection 
q G Z{C)qi we have that Cq-< M® A} . 

One easily checks that V admits a maximum (72 and that this maximum commutes with the nor- 
malizer of C, in particular with the unitaries {'^{s))s^a (see [ValOl Proposition 2.5] for details). We 
have to prove that (72 = 1- If not, we can replace D by Z?(l — 52) and 7(5) by 7(s)(l — 52)- So 
in the end, we only need to prove that V is non-empty. This means that we have to prove that 

C -< M® A. 

We split the proof of the statement C ^ M ® A into several steps. We use the following notation. 

We use the letter Q to denote all kind of orthogonal projections related to the infinite tensor product 
j4 = Aq and the letter P to denote all kind of orthogonal projections related to the group F. All 
these projections Q and P project onto subspaces of the form L^(M) /C and they all commute. 

• For every subset J- C I, we denote by Qjr the orthogonal projection onto the closed linear 
span of {M A^Ug | 5 G F}. 

• For every ^ G N, we denote by Q^^ the orthogonal projection onto the closed linear span of 
{M {Ao e Cl)^Ug \T C I,i^\T\<oo,g £T}. 

• For every subset S C T, denote by P5 the orthogonal projection onto the closed linear span 
oi{M (g)Aug \ g£ S}. 



We denote by Q^ the product of Q^ and Qj^. 

In general, the projection Qjr does not behave well with respect to the operator norm || • ||. Because 
of the formula 

PsiQAx)) =Y.Em^^^{x{1 UgY) (1 Ug) , 

we do get ||Ps(Qj-(x))|| ^ \S\ \\x\\ and ||P5(x)|| < \S\ \\x\\ for ah x G M®M and all subsets F <Z I. 

In a few cases, we use the same notation Qt^Q^^^Ps to denote projections of L (M) onto the 
corresponding obvious subspaces. 

To avoid a too heavy notation, we assume that t ^ 1. So we have a projection p G L(F x F) such 
that D C p{M ® M)p and 7(s) G pL(F x T)p. This simplification does not hide any essential part 
of the argument. 
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Step 1. For every e > and every ^ G N, there exists a unitary a G D such that 

\\a - iQ^' ^ Q^')ia)\\2 < e . 

Proof. Denote bya:Mf^M^M(^M the flip automorphism a{a b) = b ^ a. Consider the 
projection 

P'-=(j} at)) eM2(C) 0M^M. 
Define the von Neumann subalgebra D C p(M2(C) (8) M (8) M)p given by 

Denote by P the quasi-normahzer of D inside p(M2(C) M M)p. By assumption ([T|) we have 
5 7^ M(8) 1. By assumption ^ we have for all i G / that P y^ M^{Axi Stabi). By assumption ([3]) 
we have P -^ M(g)Lr. We now apply Theorem 14.21 We conclude that ()4.2p in Theorem 14.21 cannot 
hold. So, given e > and ^ e N, we find a unitary 6 G 5 such that \d - (1 (gi Q^^)(d)||2 < e/2. 
Writing 

'a 



'^^ \0 a{a) 

we have found a unitary a G D such that \\a — (1 (3=*^)(a)||2 < e/2 and \\a — {Q^^ (8 l)(a)||2 < e/2. 
Hence also \\a - {Q^^ Q^^)(a)||2 <e. D 

Step 2. There is a sequence of group elements ^f^ G A such that for all i £ I and g,h G T x T, we 
have 

(5-1) \\EL{TxStahi)(.Ug-f{gn)uh)\\2^0 and \\E^sts,hixr){ugj{gn)uh)\\2 -^ ■ 

Proof. This follows immediately from assumption Q , Definition 12.11 and Remark 12.21 D 

From now on, we fix a sequence {gn) in A satisfying ()5.ip . We put Vn '■= j{gn)- 
Step 3. For all x ^ M ® M and all finite subsets J- C I, we have 
(5.2) ||f„xf* -(3/_jr(t;„xf*)||2 -^ . 

Proof. It suffices to check ()5.2p when x is of the form x = xo0 aug with xq G M, 5 G T and a G A^ 
for some finite subset Q <Z I. Fix a finite subset J- C I. Define 

K ■.= {ger\ggnT = $} . 

Define Wn = PK{vn)- Then, Wn G L^(M M) and by (|5.ip . Uti^ — t^nlb — ^ 0. Hence, ||f,iXf* — 
Wnxv^\\2 — > 0. Since by construction WnXV^ lies in the image of Qi^j^, the formula (|5.2p follows. D 

Step 4. For all a & D and all e > 0, there exists a finite subset S CT such that 

\\vnavn - {Ps <» Ps){vnav^)\\2 ^ £ for all n . 

Proof. Choose a unitary a G li{D) and put a„ := VnCiv^. Since the projections P^ (gi 1 and 1 Ps 
commute, by symmetry it suffices to prove that for all e > 0, there exists a finite subset S cT such 
that 11(1 (g) Ps){an)\\2 ^ llplb — 4e for all n large enough. 

Write 6 = e||p||2- By step[T]take a unitary b G 1^{D) such that ||6 — Q^''(6)||2 ^ S. By the Kaplansky 
density theorem, take a finite subset Q <Z I and an element 

60 G spanjxo (g xiUg | xq G M, xi G A^.,g G F} 
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such that ||6o|| ^ 1) 11^ — ^olb ^ ^ and H^olb ^ ll^lb = llplb- Put r] = Q^'^{bo) and observe that 
||??||2 ^ ll^olb ^ ||p||2, that ||6 - r/||2 ^ 26 and that 

7] £ span{yo yiUh \yo(^M,yi£ {Aq QCiy ,J C G,\J\ ^K,/ier} . 

Since a„ and b are conimutmg unitaries in p{M M)p, we have (a„ b, ban) = t{p) and hence, 

(5.3) \t{p) - {an bo, ?? a„) | ^ 35 

for all n. Put S := {g G T \ \g ■ Q nG\ ^ k}. By our assumption on the action T r\ I, the set S is 
finite. 

Claim. We have that {Pr-sian)bo,r]an) — ?■ 0. Given the special form of 6o and tj, it suffices to 
prove the claim for bo = xo0 xiUg and r] = yo0 yiUh where xq, yo £ M, xi € Aq, yi G (^o © Cl)"^, 
J C Q, \J\ '^ K and g,h £ T. 

Put dn := Q i-{guh-^g){0'n) ■ By construction, Tjdn lies in the closed linear span of 

M ® (^0 e CiyAJ^-^Uk ,k£T . 
On the other hand, Pr~s{dn)bo lies in the closed linear span of 

M d) Al^'^^^'^'^Uk ,reT-S,keT. 

Since |r^n J| < k for all r G T — S, the two subspaces are orthogonal. Hence, {Pr-s{dn) bo, Tjdn) = 
for all n. By stepO ||a„ — dnlb — ^ 0. Hence, the claim follows. 

Combining the claim with ()5.3p . we can take no such that 

|r(p) - (P5(an)bo,??an)| ^ 4(5 

for all n ^ tlq. It follows that 

T{p)-A6^\{Ps{an)bo,7]an)\ ^ ||Ps(a„)||2 ||6o|| hib ||a„|| ^ \\Ps{an)h\\p\\2 ■ 

Since T{p) — 45 = ||p||2(||p||2 — 4e), we have shown that ||P5(a„)||2 ^ ||p||2 — 4e for all n ^ ng. □ 



Recall from (jS.ip the notion of the height of an element in a group von Neumann algebra. We now 
use this notion in the group von Neumann algebra L(r x F). So, for all v S L(r x F), we consider 

h{v) = max{|r(?;'u*)| | g G F x F} . 

Step 5. There exists a 6 > such that h{vn) ^ S for all n. 

Proof. If the assertion does not hold, we can pass to a subsequence and assume that h{vn) — > 0. 

Claim. Take Ji, J2 C / with | Jj| ^ k. For all a G {Aq Q Ciy^ O (Aq Q Ciy^ and for all sequences 
Wn in the unit ball of L(F x F), we have 

\\EA^AiVnaWn)\\2 -^ . 

To prove the claim, denote by {v)g, g £T xT, the Fourier coefficients of an element v £ L(F x F). 
So, by definition and with || • ||2-convergence, we have 

^ = I^ (^)9% • 
gerxr 



A CLASS OF SUPERRIGID GROUP VON NEUMANN ALGEBRAS 21 



Take finite sets Ti C T sucli that for all g £ T — J^i, we have \g ■ JiCi Ji\ < k. Put T = T\^ T2- So, 
whenever (7 G (F x F) — J^, we have a _L Ogia). As a result, we get 

II^A^AKaOlli = X] X] (^")s K)9fe ("^n)ff (^n)fffc r{aak{a*)) 

keTgeVxT 

keTgeVxT 

^MlKv^f E (( E IK).I')'^' ( E IKUI')'^' 

fcgj=" y serxr serxr 

^ \\a\\l l-^l /ilt-n)^ ^0. 
This proves the claim. Applying the claim to Wn of the form Wn = UgVnWj^, we get the following: 
for all 7] G L^(M (g) M) satisfying 77 = {Q^'^ Q^'^){'n) ^^'^ foi^ ^^ finite subsets 5 C F, we have 

(5.4) \\{Ps Ps){VnVV*n)h ^ ■ 

By step d] take a unitary a G ^Y(L') such that \\a - (Q^" O <9^'')(a)||2 ^ ||p||2/2. Formula (fOjl 
implies that for all S* C F finite, we have 

limsup WiPs (E) Ps){vnav*J\\2 ^ \\p\\2/2 . 

n 

This is a contradiction with step SI D 

Step 6. Take 6 > such that h{vn) ^ yOS for all n. 

For every e > 0, there exists a unitary a G U{D), finite subsets S C T, J^ C I and a sequence 
/in G F such that, writing Xn = VnCiv^, we have for all n, 

• \\Xn - Ps{Xn)h ^ £; 

• \\Xn-Q'^^{Xn)\\2 ^ ^, 

• lkn-Qh„.j-(a:n)||2 ^ ||p||2 -25, 

• \\xn — Qi-g{xn)\\2 -^ for every finite subset Q <Z I. 

Proof. Choose e > 0. By step [1] take a G hl{D) such that \\a — Q^'^{a)\\2 ^ e. Put Xn = Vnav^- 
Since the image of Q'^'^ is an (M L(F))-(M L(F))-bimodule, we have 

||x„-Q^"(x„)||2 = ||a-Q^"(a)||2^e 

for all n. By stepHl take a finite subset S CT such that ||x„ — -P5(a;„)||2 ^ £ for all n. By step El 
we have ||x„ — Qi-g{xn)\\2 — ^ for every finite subset G C I. 

Take a finite subset J- C I such that ||a — Qj^{a)\\2 ^ 5. Choose elements A;„ G F x F such that 
\T{vnu1 )| ^ v65 for all n. Denote by /i„ G F the second component of kn- 

Denote Wn = T{vnul )uk„ and y„ = Wnav^. It follows that 

\\Xn-Qh„-T(Xn)\\2 = \\{l - Qh„-T){Xn - Vn) + {I - Qh„-T){yn)\\2 ^ \\Xn - Vrih + WVn - Qhn-Ayn)\\2 ■ 

We consecutively get 



\\Xn - Vnh ^ \\Vn " IL'„||2 ^ y ||p||i - 65 ^ ||p||2 - 35 

and 

WVn - Qh„-T{yn)\\2 = Wwnia - Qj-(a)X||2 ^ \\a - Qjr(a)||2 ^ 6 . 
Altogether we have ||x„ - Qh„-J^ixn)\\2 ^ ||p||2 - 25. D 
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We finally gathered enough results to prove that C ^ M <^ A. 
Step 7. We have that C ^ M^A. 

Proof. Assume that C yi. M'^A. Note that W^ M = {W^ A) xT, where T acts trivially on M. 
By [lolO. Theorem 1.3.2], for every e > and every fc G N, there exists a unitary d £ 1^{C) such 
that ||Pa((i)||2 < e for all subsets G CV with \g\ ^ k. 

Take a E 1^{D), finite subsets S C T, T C I and a sequence hn £ T satisfying the conclusion of 
step [6] with e ^ 5/8. Whenever Z CT is finite, we define the orthogonal projection 

Rz=\/ Qg-T ■ 

gez 

Claim. Whenever Zn is a sequence of finite subsets of F such that sup^ |Z„| < oo, there exists a 
sequence of larger finite subsets Z'^ D Zn such that sup„ \Z'^\ < oo and 

(5.5) liminf \\Rz'{xn) - Rz,Xxn)h ^ ^ ■ 

n " 

Once the claim is proven, we inductively construct Z^ C Z^ C ■ ■ ■ . Since the vectors R^k+i{xn) — 
Rz'^i^n) are orthogonal for different A;, we arrive at the contradiction 

||p||2 = liminf ||2;„||2 ^ k8 for all fc € N . 

n 

We now prove the claim. Let the sequence Zn be given. For every n, denote 

-^n := {5 £ F I 3A; G Z„ such that \ghnJ^ r\ kF\ ^ k} . 

Since Stab J is finite whenever \J\ ^ k, it follows that sup„ |L„| < 00. So, we can take a unitary 
d € U{C) such that ||-PL„(d)||2 ^ e/(2|S'|) for every n. Take a finite set 5' C F such that \\d — 
Ps'{d)\\2 ^ e/(2|5'|). Put Kn = S' - L„. We retain that ||d - PkM)\\2 ^ e/\S\ for all n and that 
\ghnJ^ r\ kF\ < K for all g G Kn and all k £ Zn. Put Z^ = Knhn U Z„. We prove that Z'^ satisfies 



Using the Kaplansky density theorem, take a finite subset Q <Z I and do £ M ® M such that 
do = Qg{do), \\do\\ ^ land ||d— do||2 ^ ^/IS*!. Write d^ := PK„{do). Hence, ||d— (in||2 ^ ^e/ISj. Also 
writes^ ■■= Qh„-T{Ps{xn)) = Ps{Qhn-Axn))- Note that ||x^|| ^ IS"] and ||2;„-x^||2 ^ \\p\\2-26 + e 
for all n. As a result, 

\\dXn - dnX'nh ^ \\d\\ \\Xn - X^||2 + ||x^|| \\d - dn\\2 ^ ||p||2 - 26 + 3e . 

Define the orthogonal projection 

Rn ■= Y QgUghnT ■ 

g&K„ 
Since d„rE^ lies in the image of i?„, it follows that ||(1 — i?„)((ix„)||2 ^ ||p||2 — 25+3e. But dxn = Xnd. 
Hence, ||-Rn(2;nd)||2 ^ 26 — 3e. 

Observe that 

\\Xnd - Ps{Xn)do\\2 ^ \\Xn " Ps{Xn)\\2 \\d\\ + \\Ps{Xn)\\ \\d - doh ^ 2e . 

So, \\RniPsixn)do)\\2 ^26- be. Write 

Rn-= V QG^SgUghnT ■ 

geK„ 

Since Rn ^ R'n, we have \\RniPsixn)do)\\2 > 26 - 5e. But, RniPsixn)do) = R'n{Ps{xn))dQ and 
lldoll ^ 1- It follows that 

|K(X„)||2 ^ \\Ps{R'n{Xn))\\2 = |K(Ps(x„)) lb ^ \\R'n{Ps{Xn))dQ\\2 = \\R'n{Ps{Xn)dQ)\\2 ^26 -he. 
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Since \\xn — Q^'^{xn)\\2 ^ e and since ||x„ — Q i-i^g\jsg){xn)\\2 -^ 0, we can take uq such that 

\\R'n{xn)h ^ 25 - 7e for all n ^ no where < := \/ Q^';^^^ . 

g&K„ 

Whenever g G Kn and k £ Zn, we have \ghn^n H kF\ < k. So, the projections Q^^ -p and Q^jr 
have orthogonal ranges. Hence, -R^ and i?^^ are orthogonal as well. By construction i?^ ^ B!^. It 
follows that 

WRz'S^n) - RzAXn)h ^ \\K{Rz'S^n) - RzAXn))\\2 = lK(^n)||2 ^ 25 " 70 <5 

for all n ^ uq. So, we have proven (j5.5p . D 

Step 8. E'rid o/ the proof of Theorem \5.1[ 



We have shown that Cq -< M A for every non-zero projection q G 2(C) = C' rip{M (S> M)p. This 
means that the following holds (see [ValOl Lemma 2.4 and Proposition 2.5] for details): for every 
e > there exists a finite set 5 C F such that \\d — (1 <^ Ps){d)\\2 ^ e/2 for every unitary d £ U{C). 
By symmetry, we also find a finite set S' <ZT such that ||d — {Psi ® l){d)\\2 ^ e/2 for all d € U{C). 
Taking the union of 5 and S", we have found a finite set 5 C T such that \\d — {Ps ® Ps){d)\\2 ^ e 
for all d G U{C). This means that Cq -< Af^ A for all non-zero projections q E 2(C). D 

6. A CONJUGACY CRITERION FOR GROUP ACTIONS 

Suppose that we are given an embedding of group measure space factors i? x A ^-t- A x F such that 
B = A and such that i;LAf* C LF for some unitary v £ A xi T. Under the right conditions, one 
can deduce from this information the existence of a unitary w € A yi T such that wBw* = A and 
wVgW* = Lo{s)us(^g^ for all s G A, where 5 : A — >■ F is a group morphism and a; : A — >• T is a character. 
Such a result was first proven in |Po041 Theorem 5.2] and generalized in [lolOl Theorem 7.1]. We 
now prove a further generalization, involving arbitrary amplifications and weaker assumptions. We 
give a more elementary proof in the spirit of |Va06[ Proposition 9.3]. 

Theorem 6.1. Let F r\ {X,fi) be a free ergodic p.m. p. action. Put A = L°°(X) and M = A yiV. 
Letp G M„(C)(8'LF he a projection. Assume that C C p{Mn{C)®M)p is a von Neumann subalgebra 
and 7 : A — )• ^(p(M„(C) (d LF)p) a group morphism such that the following conditions hold. 

1. C ^AandC'r\p{Mn{C)(^M)p = Z{C). 

2. The unitaries 7(s) normalize C and the action (Ad7(s))sgA on Z{C) is weakly mixing. 
Then there exist 

• a subgroup Fi < F, a finite normal subgroup K <\Ti and a finite- dimensional unitary repre- 
sentation p : K ^ L({Md{C)) with corresponding projection px '■= \K\~^ Ylk&K Pi^) ® "^k, 

• a group homomorphism 5 : A — t- Q /L where 

G:={u®Ug\u£ U{Md{C)) , 5 G Ti , p{gkg'^) = up{k)u* yk £ K} 
and where the normal subgroup K = L <\Q is given by L := {p{k) ® Uk\ k £ K}, 

• a Ti-invariant projection q £ A, 

• a partial isometry v £ M„^(i(C) ® LF with vv* = p and v*v commuting with 5{A)L C Q, 

such that the composition of 6 and the quotient homomorphism Q/L — )• Ti/K is surjective and such 
that w := r(g)^-'^'^f (1 ® q) is a partial isometry with left support p and right support pk{^ ^ q) 
satisfying 

w*Cw = (Md(C) tg) Aq)^'^^pK and w*j{s)w = 6{s)pk{1 <g q) for all s £ A . 



24 ADRIAN lOANA, SORIN POPA, AND STEFAAN VAES 



Proof. Define the automorphism /3s G Aut(C) as Ps = Ad 7(5). Since C < A, the von Neumann 
algebra C has a direct summand that is finite of type I. Since {f3s)si^A is ergodic on Z{C), we 
find an integer d such that C = M(i(C) (8> ^iC). So, we can take matrix units (ejj)jj=i^...^d in C 
with e := en satisfying eCe = Z{C)e. By construction 2^(C)e is a maximal abelian subalgebra 
of e(M„(C) (8) M)e that is semi-regular: the normalizer of Z(C)e acts ergodically on Z(C)e. Also 
Z{C)e -< A. 

Denote by Dm(C) C Mm(C) the subalgebra of diagonal matrices. Take an integer m and a pro- 
jection qi £ Bm{C) (g) A such that (Tr0r)(gi) = (Tr(g>r)(e). Write 5 := Dm(C) yl. By [PoOlbl 
Theorem A.l], we find Vi £ M„,^(C) O M such that ViV{ = e, V^Vi = qi and V{Z{C)eVi = Bqi. 
Put the elements Vi = enVi, i = 1, . . . , d next to each other, yielding 

V G Mn,dm{C) M such that VV* =p, V*V = 1 qi and V*CV = Mrf(C) «> Bgi . 

For every s £ A, the unitary y*7(s)y G Md(C) gi(Mm,(C) (g> M)gi normalizes Md(C) Bi^i. One 
can describe as follows all unitaries w G Md{C)i^qi{Mm{C)i^M)qi normalizing Md{C)<SiBqi. Then, 
w also normalizes l<^Bqi and we define the automorphism /3^„ of Bqi given by l0/3^{b) = w{l^b)w* . 
Denote by ei, . . . , e™, the standard minimal projections in Dm(C). Write qi = Y1T=1 ^k® Qk- For 
all A;, / G {1, . . . , m} and g( G T we find a projection q^ '^ G ^(/^ such that 

m 
\^\^k,9_„, ,„j a (^. f>,r,r,^'9\ _ ^, ^„ („k,g^ 



k=lg€r 



It follows that 



wi := ^ ^ eki Ug^; '^ 



A:,/=lgGr 

is a unitary element in gi(Mm(C) (gi M)gi satisfying /3u,(6) = wibwl for all 6 G Bqi. It follows that 
wq := tt;(l w^) commutes with 1 (g) i?(7i and hence belongs to Z^(Mrf(C) i?gi). By construction. 

Define Xm = XU---UA' as the disjoint union of m copies of X. Identify L°°(X) = B. Let y C X^ 
be the support of the projection qi. Define the closed subgroup Gi C U{Mci{C) (g L(r)) given by 

^1 := {n (g Ug I u G U{Md{C)) and 5 G T} . 

We can view wq as a measurable function from Y to W(Mrf(C)). We then denote by 0^ : Y ^ Gi 
the measurable function given by 

f^to(y) = wodi) (g) Uft, whenever y belongs to the support of e^ ® (ThiQi' ) ~ /5«)(^/ (g g^ ' ) • 

To make computations easier, we provide an alternative description of Vtw Define the Hilbert space 

^ := M„_rfm(C) (g 1?{M) that we view as an (Mn(C) (g M)-(Mrfm(C) (g M)-bimodule. Define the 
Hilbert space U := Mn4{C)®f{T)®l?{B) that we view as an (M„(C)^Lr^B)-(Md(C)0Lr®5)- 
bimodule. Define the unitary operator 

7] : IC ^- Ti : ri{eijk "SD Uga) = eij Sg (e^ (g) a) for all indices i,j,k, g £T,a £ A . 

Viewing M„(C) (g LT C M„(C) ^ M and Md(C) B C Mrf.^(C) (g M, we have for ah ^ G /C the 
obvious formulae 

rj{a^) = (a 1)^ when a £ M„(C) LP, and r/(^6) = 77(0^13 when b £ Md(C) B . 

An elementary computation yields 

(6.1) r/(e)S7™ = (id®id®/?^)r?(^u;) for all C (^ JC{l(g) qi) . 
The following 1-cocycle relation is then an immediate consequence. 

(6.2) i^wy = Qw (id (g id (g /3^)(r2^) when both w, v normalize M(^(C) (gi Bqi . 
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Define for s G A, Wg '■= V*'y{s)V. Since M(i(C) <^ Bqi = V*CV, tlie unitaries Ws normalize 
Md(C) Bqi. So we can define the action {j3s)seA on Bqi given by j3s = /3«,^. We denote by s * y, 
s G A, y S y, the corresponding action of A on Y . By assumption, A nv y is weakly mixing. 

Thanks to the construction above, we can define the measurable function wi : A x y — )• ^i given 
by uji{s,y) = ^ws{s * v)- The 1-cocycle relation ()6.2p now becomes 

a;i(st, y) = 0Ji(s, t * y) u;i(t, y) for all s,t £ A and almost every y £ Y . 

Hence, oji is a 1-cocycle for the action A r\Y with values in Qi. Define the vector 

ipeM^^d(.C)0e\T)^L\Bqi) given by ^ = v{V) ■ 

View 93 as a measurable function from Y to M„^rf(C)(S'^^(r) and view the latter as an (Mji(C)(8>Lr)- 
(M(i(C) (S'Lr)-bimodule. By definition pV = V and j{s)V = Vwg for all s G A. The properties of r] 
imply that p^{y) = ^{y) a.e. and that ri{'^{s)V) equals a.e. the function given by y i->- ^{s)ip{y). By 
()6.ip we have that rjiVws) equals a.e. the function given by y 1— )■ (^(s * y)uji{s,y). So, we conclude 
that 

99:y ^p(M„,rf(C)«)^2(r)) and j{s)ip{y) = ip{s * y)iOi{s,y) a.e. 

From now on, identify p(M„_d(C)(g)^2(r)) = pL'^{Mn4{C)0LT). So, we can define P(y) := ip{y)if{y)* 
as an element in pL (M„(C) (8) Lr)p. We have P(s * y) = 7(s)P(y)7(s)*. Since A r^ y is weakly 
mixing, [PV081 Lemma 5.4] implies that P is essentially constant. So, we have found an element 
P G pL^(M„(C) (^ LT)p such that P(y) = P a.e. We claim that P = (Tr «)r)(gi)"^p. Indeed, for 
an arbitrary projection / G p(M„,(C) Lr)p, we get 

(Tr®r)(/) = (/y,y) = M/F),7?(F)) = J {My),^{y)) dp{y) 

= j {Tim){fP) dp{y) = (Tr »r)(/P) (Tr0r)(gi) . 

Since this holds for all projections /, the claim follows. 

Define ipi{y) := {Tr0T){qiy''^ip{y). Denote by I the set of all partial isometrics in M„^(i(C) LF 
with left projection equal to p. So, tpi : Y ^ I and tpi satisfies 

7{s)tlJi{y) =Tpi{s*y)uji{s,y) a.e. 

The II • ||2-distance turns I into a Polish space on which W(p(M„(C) <^ LF)p) acts by left multiplica- 
tion and Qi by right multiplication. Both actions are isometric. The action of Gi on I by right mul- 
tiplication is proper, so that the set X/^i of ^i-orbits equipped with the distance between orbits is 
still a Polish space on whichZ^(p(M„(C)(8'LF)p) acts isometrically. Since '4'iis*y)Qi = "y{s)ipi{y)Qi 
a.e. and since A r> y is weakly mixing, [PV081 Lemma 5.4] implies that y 1— )• ipi{y)Gi is essentially 
constant. Take v £ I such that ipi{y) G vQi a.e. and denote pi := v*v. 

Define the compact subgroup L C Qi consisting of the unitaries u®Ug that satisfy pi{u®Ug) = pi- 
Define the measurable map V2 : ^ — ^ L\Qi such that ipi{y) = vip2{y) a-e. Composing ip2 with a 
measurable cross-section L\Qi — t- Qi^ we find a measurable map ijj : Y ^ Qi satisfying ipi{y) = 
vip{y) a.e. Define the 1-cocycle w : A x y — )• ^1 given by u}{s,y) = ip{s * y)uji{s,y)'>p{y)~^ . Define 
the group morphism tt : A — )• U{pi{Md{C) (8) LT)pi) given by 7r(s) = v*^{s)v. By construction, 

■k{s) =piu}{s,y) a.e. 

Define the closed subgroup Q2 C Qi consisting of the unitaries u® Ug that commute with pi. It 
follows that oj takes values a.e. in Q2 and hence 7r(s) G Q2'Pi foi' a-H s G A. Note that L is a normal 
subgroup of Q2. We get a well-defined group morphism 5 : A ^ G2/L such that it{s) = 5{s)pi. So, 
6{A)L commutes with pi = v*v and v*^{s)v = 5{s)pi for all s G A. 
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Write ip{y) = C(y) (^ ^e(j/)- View ^ as a unitary element in Mrf(C) (g) Bqi. Replacing V by VC*, we 
may assume that ip{y) = l^ug^^yy Define the projection qg G Bqi with support {y £ Y \ 0{y) = g}. 

Write 

m 

qg = '^ek®q^g and w = ^ ejj (g) Vij . 

k=l ij 

Since r]{V) equals a.e. the function y i— )• (Tr ^T){qi)~^/^v{l (g) ^i6»(j/))) it follows that 

(6.3) y = (Tr ®r)((7i)-i/2 ^ ^e^jfe t;^^^^^ . 

Define the projections qg := UgqgU*. Since y*y = 1 (g) gi we have 

(1 ® gh)y*y(l qg) = <5g,,,l ® qg 
so that by ()6.3p . it follows that 

(1 (g> qi)piil qtg) = {Tv®T){qi)5i^j5g^hl ® q^ ■ 

Applying Tt^Ea, it follows that the projections q^„ are orthogonal. In particular, the sum of their 
traces is at most 1, so that (Tr(5Dr)(g'i) ^ 1. Hence, we may assume from the beginning that m = 1 
and that qi G A. We do not write the upper indices i,j,k any more. Since the projections qg are 
orthogonal, u := J2geT ^glg ^^ ^ partial isometry in M with right support gi, with left support in A 
and such that uAqi u* = Auu* . Replacing V by V{1 <^ u*) and qi by uu* , we may further assume 
that V = r((7i)~^'^t>(l (g) qi). By construction, the 1-cocycle uj that corresponds to the group of 
unitaries {V*j{s)V)seA normalizing Mrf(C) Aqi satisfies 

(6.4) piOj{s,y) = tt{s) = pi5{s) and hence, uj{s,y)L = 5{s)L . 

Let pi = J2q£r^9 '^ ""s' 'with Pg G Md(C), be the Fourier decomposition of pi. Since V = 
T{qi)^^''^v{l (g) qi), we have 

(6.5) {l(E)qi)pi{l(S)qi)=T{qi)l(S)qi . 

Applying id (g) Ea, we get that Pg = r(gi) 1. So, when u® Uk £ L, the formula pi{u* ® u\) = pi 
implies that Pk = r(gi)n. In particular, the homomorphism L ^- T : u ® Uk ^^ k \s injective. 
We denote the image by K and define the unitary representation p : K ^ U{Mii{C)) such that 
L = {p{k) (g Ufc I /c G K}. Define Fi as the image of 6{A)L in F. By construction, K is a finite 
normal subgroup of Fi. Define G as in the formulation of the theorem, i.e. as the unitaries u (g) Ug, 
g GTi, that normalize L. So, 6{A)L C Q. 

Let k G K — {e}. Multiplying (j6.5p on the right by p{k)* (gu^ and applying id® Ea, it follows that 
Qi o'kiqi) = 0. Define the projection q = Ylk^K^kiqi)- We claim that q is Fi-invariant. Recall that 
s*y denotes the action of s G A on y G y implemented by Ad V*j{s)V. Denote by /i : A x y — )• F 
and (5i : A — )• Ti/K the compositions of the 1-cocycle uj and the group morphism 5 with the natural 
morphism ^ — )• F. By ()6.4p we have p{s,y)K = 5i{s)K, so that p takes values in Fi and 

5i{s)K -y = p{s,y)K -y = Kp{s,y) ■ y = K ■ {s * y) . 

Hence 6i{A)K ■Y = K-Y, proving the claim. 

Define the projection px = \K\^^ J2keK P(^) ^ '^k- Put w := T{q)~^''^v{l (g) q). We make several 
computations to check that all the conclusions of the theorem hold. We freely use that T{q) = 
\K\ T{qi), that V = T{qi)~^''^v{l (gi qi) and that vu = vpiu = v for all u ^ L. First we get that 

WW* = T{q)^^ v{l (g) q)v* = >^ T{q)^^ vu{l (g) qi)u*v* 
= \L\ T{qy^ v{l qi)v* = VV* = p . 
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On the other hand, 

■w*w = T{qy^ (liSi q)v*v{l'^q) = T{qy^ ^ ui{li^ qi)ulpiU2{l fi^ qi)ul 

ui,U2€L 
ui,U2€L ui,U2£L 

= |L|"^ ^ ui{l0qi)u*2=pK{l^q) ■ 

ui,U2€L 

Since 5{A)L commutes with 1 q and v*'y{s)v = 5{s)pi, it fohows that w*j{s)w = 5{s)pk{^ <8) q) 
for ah s G A. Finally, 

w*Cw = {l0q)v*Cv{l(^q) = ^ ui{l f^ qi)v*Cv{l f^ qi)u2 

u\,U2(zL 

= Y, uiy*CVul = PA'(Mrf(C) ® Aqi)pK = (Mrf(C) ® Aq)^^''pK ■ 

ui,U2GL 

This ends the proof of the theorem. D 

Corollary 6.2. The conclusions of Theorem \6.1\ can be strengthened if we impose extra conditions. 
Denote by N the von Neumann algebra generated by C and 7(A). 

1. If we impose the extra condition that N -/^ Axi Centr g whenever g ^ e, it follows that K = {e}, 
q = \, w = V and v*^{s)v = 7r(s) ® ^5i(s) for all s S A, where vr : A — )• ZY(Mrf(C)) and 
(5i : A — )• r are group morphisms. If moreover the weak mixing assumption is strengthened 
by imposing that CI is the only non-zero, finite dimensional, globally {A.d^{s))s^K-invariant 
vector subspace of C , it follows that d = 1 and that vr : A — )• T is a character. 

2. If we impose the extra condition that N -/i, A yiTi whenever Fi r\ {X, /u) is non-ergodic, it 
follows that q = 1 and v*v = px. 

Proof. 1. Choose a projection qi G Aq such that q = J2k£K^k{Qi)- It follows that w(Md{C) (d qi)w* 
is a globally (Ad 7(s))sgA-iiivariant vector subspace of C. So, d = 1 and the rest follows immediately. 

2. Denote by (5i : A — >• Ti/K the composition of 5 and the natural homomorphism Q/L — )• Ti/K. 
Replacing Fi by 6i{A)K, we may assume that 61 is surjective. The conclusions of Theorem 16.1 1 sav 
in particular that w*Nw C M(^(C) (8> (A xi Fi). The extra condition N -/^ A yi Centr (7 whenever 
g ^ e, then implies that {hgh~^ \ h G Fi} is infinite for all g ^ e. So, we can take a sequence 
hn G Fi such that hngh~^ — )• 00 for all g ^ e. Take Un G ^(Mrf(C)) such that u„ (X" Uh^ G 6{A)L. 
Since v*v commutes with 5{A)L, it follows that v*v = po (X" 1 for some projection po G M(i{C). But 
then w*w = T{q)~^pQ (g) q. Since w*w actually equals pk{^ '^ q) it follows that q = 1 and K = {e}. 

3. As in the proof of 2, we get that w*Nw C Mrf(C) {A xi Fi). Since q is Fi-invariant, the extra 
condition 3 implies that q = 1. Hence w = v and v*v = px. D 



7. Some properties of the comultiplication 

Throughout this section, we fix a countable group A and put M = LA. We denote by {ug)g^\ the 
canonical unitaries generating LA. We consider the comultiplication A : Af — t- M (g) M given by 
A(ug) = Ug® Ug for all g £ A. 

We start with the following elementary and well known lemma. 
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Lemma 7.1. A non-zero element u & M satisfies A(tt) = u u if and only if u = Ug for some 
geA. 

A unital von Neumann subalgebra A C M satisfies A{A) C A0 A if and only if A is of the form 
A = LS for some subgroup S < A. 

Proof. Observe that (id (E> tu*)A{x) = T{xu*)ug for all 5 G A, x G AI. Let u G M be a non-zero 
element satisfying A{u) = u®u. Take 5 G A such that t[uu*) ^ 0. It follows that u is a non-zero 
multiple of Ug. Since A(u) = u®u, this multiple must be 1. 

Let A d M he a, von Neumann subalgebra satisfying A(^) d A® A. Define the subset S C A 
consisting of the elements g £ A for which there exists a G A with T{au*) 7^ 0. Since A B 
(id(S'ru*)A(a) = T{au*)ug, it follows that Ug G A for all (7 G S. Conversely, it is obvious that (7 G S 
whenever Ug G A. Since yl is a von Neumann subalgebra, it follows that S is a subgroup of A and 
that A = LT,. D 

Recall from paragraph 12.41 the notion of relative amenablity for von Neumann subalgebras. 
Proposition 7.2. Let P C M be a von Neumann subalgebra. 

1. If P is diffuse, then A(P) 7^ M (g) 1 and A(P) 7^ 1 (^ M. 

2. If A(M) ■< M ® P, there exists a non-zero projection p £ P' Ci M such that Pp C pMp has 
finite index. 

3. Denote by Centr (7 the centralizer of g £ A and assume that for all g ^ e we have P y^ 
L[CentTg). IfH C L {M M) is a A{P)-A{M)-subbimodule that is finitely generated as a 
right A{M)-module, then Ti C A{L'^{M)). 

In particular, the quasi-normalizer of A(P) inside M M is contained in A(M). So, if A is 
an ice group, the quasi-normalizer of A{M) inside M ® M equals A(M). 

4-. If P has no amenable direct summand, A{P) is strongly non-amenable relative to M f^l. In 
particular, if N C M is an amenable von Neumann subalgebra, we have A{P) 7^ M (8) N. 

Proof. 1. Let P be diffuse. Take a sequence f„ G U{P) tending to weakly. We claim that 
\\EM^i{xA{vn)y*)\\2 — ^ for all X, y G M (g) M. It suffices to prove this claim for x = 1 u^ and 
y = 1® Uh, g,h £ A. Then, 

WEm&HI fSi Ug)A{vn){l Uh)*)\\2 = \\T{ugVnul)ugh-i\\2 = |r(ugt;„n^)| -^ 

and the claim follows. By Definition O A (P) yi, M 1. The statement A(P) 7^ 1 (g) M follows 
similarly. 

2. Assume that A(M) -< M ® P. Definition 12.11 provides elements /ii, . . . , /i„ G A and 5 > Q such 
that 

n 

^\\EM^p{{^®Uh,)A{ug){l®Uh.)*)\\l-^5 forall g£A. 
This precisely means that 



n 



\\Ep{uh,Ugul\\\l ^ 5 for aU 3 G A 



So, M -<M P- This means that Pp C pMp has finite index for some non-zero projection p G P'OM. 

3. Assume that P 7^ L(Centr(7) for all g ^ e. By Definition 12.11 we find a sequence of unitaries 
Vn G U{P) such that ||-EL(Centrg)('"/i^n'Ufc)||2 " ^ for all h,k £ A and all g j^ e. To conclude the 
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proof of the proposition, it suffices to prove the fohowing (see e.g. |Va06[ Lemma D.3], based on 
[PoMl Theorem 3.1]): 

\\E^^M)ixA{vn)y*)h ^ for all x,y G (M^M) A(M) . 

It is sufficient to prove this statement for x = Uh® Uk and y = Uh.i ® uy with h ^ k and h' ^ k' . 
In that case 

\\EA{M){{uh0Uk)A(Vn){Uh' ®Uk')*)\\l= ^ \T{VnU*)\^ . 

g£A,hgh'=kgk' 

If for all g £ T, we have hgh' ^ kgk' , this last expression is zero. If there is at least one go £ A 
such that hgoh' = kgok', this last expression equals 

Yl kK-Uggo)!^ = l|-E^L{Centrfc-lh)K'Ugo)ll2 ^ . 

gGCentr k~^h 



4. Note that the M-(M (g) M)-bimodule (a(m) (gii)L^(M (g) M (g) M)(Af ® i® iw) is isomorphic with 
the coarse M-(M M)-bimodule L^(M) L^(M M). Assume that A(P) is not strongly non- 
amenable relative to M 1. We get a non-zero projection p G A(P)' n (M M) such that 
A(p)L^(p(M M))m®m is weakly contained in (a(p) iX) i)L^(Af M M)(m® i ® m) and hence, 
weakly contained in the coarse P-(M (g) M)-bimodule. Take z € P such that A{z) is the support 
projection of Emp){p)- Note that z is a non-zero central projection in P and that A embeds the 
trivial Pz-Pz-bimodule into a(P2)L (A(z)(M (g) M)A(2;))a(P2). It follows that the trivial Pz-Pz- 
bimodule is weakly contained in the coarse Pz-Pz-bimodule so that Pz is amenable. 

If A^ C M is an amenable von Neumann subalgebra, then M ® N \s amenable relative to M (gi 1 . If 
A(P) -< M (g) A^, it follows that A(P)p is amenable relative to M (gi 1 for some non-zero projection 
p G A(P)' n {M (g) M). So, A(P) is not strongly non-amenable relative to M (g) 1. The previous 
paragraph implies that P has an amenable direct summand. D 

8. Proof of Theorem ll.lt superrigidity of group von Neumann algebras 

Theorem II. II is a specific instance of a general superrigidity theorem for group factors LG where G 
arises as a generalized wreath product G = Hq Ij T for certain group actions T r\ I. The class of 
actions T r\ I that we are able to treat, is defined as follows. 

Condition 8.1. We say that T r\ I satisfies Condition 18.11 if the following two sets of conditions 
hold. 

Conditions on the group. The group T is ice and admits a chain of infinite subgroups Fq < 
Ti < • • • < r„ = r such that Ti._i is almost normal in r,t for all k = 1, . . . , n. Moreover, at least 
one of the following rigidity properties hold. 

• To < Ti has the relative property (T). 

• The centralizer of Fq inside Fi is non-amenable. 
Conditions on the action. 

• There exists k G N such that Stab J is finite whenever J C I and \J\ ^ k. 

• Stabi is amenable for all i £ I. 

The conditions on the group F in 18.11 are satisfied whenever F is an ice group with property (T), 
whenever F is the direct product of two ice groups with at least one of them being non-amenable 

or whenever F is itself a wreath product F = Fq ? 5 with Fq being non-amenable and 5 non-trivial. 

(s) 
Indeed, in this last case, we consider the chain of subgroups Fq < Fq ' < F. 
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The conditions on the action in 18.11 are automatically satisfied when we let T act on itself by 
multiplication. They are also satisfied when T r\ T/S where S* < F is an amenable subgroup that 
is almost malnormal: gSg^^ n S is finite for all g ^T — S. 

Whenever T r\ I satisfies Condition 18.11 we consider the generalized wreath product G = Hq Ij T 
and describe all countable groups A such that LA = LG. The main result is the following Theorem 
18.21 The conclusions of Theorem 18.21 can be made significantly more precise if we moreover assume 
that Stab i- j is infinite for all i ^ j- This excludes plain wreath products and will lead to Theorem 
18.31 below, of which Theorem 11.11 is a special case. 

Theorem 8.2. Asswne that T r\ I satisfies Condition \8.1[ Let Hq be a non-trivial abelian group 

and define the generalized wreath product group G := Hq Ij F := H^ xi T. Denote by A the abelian 

von Neumann algebra A = L{Hq ) and denote by {ag)g^r the corresponding generalized Bernoulli 
action ofT on A. 

If A is any countable group and vr : LA — )■ L(G)* a -^-isomorphism for some t > 0, then t =1 and 
A = S XI r for some infinite abelian group S and some action T r\T, by automorphisms. 

More precisely, there exists a group isomorphism (5 : A — )• S x T, a ^-isomorphism 6 : LS — )• A 
satisfying 6 o Ug = ag o 6 for all g € T, a character a; : G — )• T and a unitary w G LG such that 
■K = Ad w o TT^ o ttq o TT^ whcrc 

• TTs : LA — )• L(S X r) is the isomorphism given by 7rs{vs) = usu\ for all s S A, 

• TTg : L(S) X r — 7- A X r is given by TTg{aUg) = 6{a)ug for all a G L(S) and all g GT, 

• vr^j is the automorphism ofhG given by TTwiug) = ^{g) Ug for all g G G, 

In order to fully understand all groups A for which LA = LG, we need to classify all actions of 
r by group automorphisms of a countable abelian group T, such that the corresponding measure 
preserving action P r> S is conjugate with the given generalized Bernoulli action T r> Xq with 
base space Xq = Hq. As we illustrate in Section [9l such a classification is untractable for plain 
wreath products Hq I T. If we however specialize to the case where moreover Stab i ■ j is infinite for 
all i ^ j, we get the following full superrigidity theorem. 

Theorem 8.3. Assume that T r\ I satisfies Condition \8.1\ and that Stabi • j is infinite for all 
i ^ j. Let Hq be a non-trivial abelian group and define the generalized wreath product group 
G := Hq IjT = Hq X P. Let A be any countable group and vr : LA — t- L(G)* a ^-isomorphism for 
some t > 0. 

• In the case where \Hq\ is a square-free integer, we must have t = 1 and A = G. 

• In the general case, but assuming that T r\ I is transitive, we must have t = 1 and A = Hi Ij P 
for some abelian group Hi with \Hi\ = \Hq\. 

• In the case where Hq = Z/2Z or Hq = Z/3Z, we must have t = 1 and there exists an 
isomorphism of groups 5 : A — )• G, a character cj : A — )• T and a unitary w G LG such that 

tt{vs) = uj{s) w us(^s) w* for all s £ A . 

Example 8.4. If P Ov- / is defined as in Theorem 11.11 it is easy to check that all conditions of 
Theorem 18.31 are indeed satisfied, using the subgroup Pq < P (that we put in an arbitrary position 

of Pq ) and the chain of normal subgroups Pq <l Pg < P- 

Define P = SL(2, Z) x I?. Let A G SL(2, Z,) be any matrix whose eigenvalues have modulus different 
from 1. Define the subgroup Ta < SL(2,Z) consisting of the matrices B such that BAB~^ = A . 
View Pa as a subgroup of P. Then, the action P r\ T/Ta satisfies all conditions of Theorem 
with K = 2. 
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More generally, whenever the ice group T admits an infinite almost normal subgroup with the 
relative property (T) and 5 < F is an infinite amenable almost malnormal subgroup, then F r\ T/S 
satisfies the conditions of Theorem l8.3l with k = 2. Examples of infinite amenable almost malnormal 
subgroups of PSL(n, Z) are provided in [PV061 Example 7.4]. 

Proof of Theorem [8721 

Fix T r\ I satisfying Condition 18.11 Choose a non-trivial abelian group Hq and put Aq := Ij{Hq), 
A := L(i?i^^). Denote M = L{Ho ?/ F) = ^ x F. 

We first prove that the action F nv j4 is essentially free and ergodic. It suffices to prove that every 
g GT — {e} moves infinitely many i € I. Choose n G N. For every g £T, denote Fixg' := {i £ I \ 
g ■ i = i}. It suffices to prove that Qn := {g ^T \\I — Y\yLg\ ^ n} equals {e}. Since hGnh^^ = Qn 
for all /i € F and since F is ice, it suffices to prove that Qn is finite. Choose a finite subset T <Z I 
such that I J-"| = K + n. Then, 

^n C [J Stab Jb • 

.7-0 CJ-" , \Tq\=k 

Since all StabJ-Q are finite, Qn is finite as well. We have proven that F r> A is essentially free. 
Because F • i is infinite for all i £ I, the action F r^ A is ergodic as well. 

Assume that LA = M* for some countable group A. The amplification of the comultiplication 
on LA yields a unital *-homomorphism A : M — t- (M M)*. To avoid unnecessary notational 
complexity, in the first steps of the proof, until step [3] included, we will do as if t ^ 1 and consider 
A : Af — 7- p{M (S) M)p for some projection p £ M ® M. The reader can check easily that this 
notational simplification does not hide any essential steps of the argument. 

Step 1. There exists v G M^ M with v*v = p and vA(LT)v* C L(F x F). 

Proof. Take a chain of subgroups Fq < Fi < • • • < F„ = F as in Condition 18.11 Note that Fi is 
non-amenable. Put Q = A(LFo) and denote by P the quasi-normalizer of Q inside p{M (8) M)p. 
Note that A(LFi) C P. In the case where Fq < Fi has the relative property (T), Q C P has the 
relative property (T). In the case where the centralizer of Fq inside Fi is non-amenable, Proposition 
T2] implies that the relative commutant Q' Ci P is strongly non-amenable relative to M (8> 1. 



By Proposition [7211, Q 7^ M (g) 1. By Proposition [7214 and because A(Fi) C P, we have P -/< 
M^(Ax Stabi) for ah i £ I. So, Corollary [33] yields v £ M®M with v*v = p and vPv* C M^LF. 

Repeating the same argument and applying Corollarv 14.31 with N = LF, we find w £ M ® LF such 
that w*w = vv* and wvPv*w* C LF^LF. 

We write v instead of wv, so that v*v = p and vPv* C L(F x F). In particular, vA{IjTi)v* C 
L(F X F). Write Pk := uA(LFfc)t;*. We prove by induction on k that automatically Pk C L(F x F). 
For k = 1 the statement is already proven. Assume that Pk C L(F x F) for some 1 ^ k ^ n — 1. 
We already observed that Pi -^ L(F x Stabi) and Pi 7^ L(Stabi x F) so that, a fortiori, the same 
holds for Pk instead of Pi. By Lemma [4. Il l and because Pk C Pk+i is quasi-regular, it follows that 
Pk+i C L(F X F). 

Since F = F„, we have proven that vA{LT)v* C L(F x F). D 

From now on, we replace A : M — t- p{M M)p by vA[ ■ )v* and p by vv* G L(F x F), so that 
A(LF) C pL(F X T)p. 

Denote C := A(A)' n p{M ^ Ad)p. 
Step 2. We have C ^ A0 A. 
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Proof. We apply Theorem 15.11 to the abehan von Neumann subalgebra D := A(^) of p(M M)p 
that is normahzed by the unitaries (A(iig))ggr that belong to pL{T x T)p. So we have to check the 
four assumptions ([I])-(I1|) of Theorem 15. II 

Since A is diffuse, Proposition 17.21 1 says that A{A) -^ M f^ 1 and A{A) -A 1 ^ M. So assumption 
(HD holds. 

The quasi- normalizer of A (A) inside p{M M)p contains A(M). Since for every i £ I we have 
that Stabi C F has infinite index, Proposition 17.21 2 implies that A(M) 7^ M (8) (A x Stabi) and 
A(M) 7^ (A XI Stabi) (8)M. So assumption ([2]) holds. Since also LP C M has infinite index, for the 
same reason assumption ([3]) holds. 

Finally, since F is non-amenable and Stabi is amenable for every i £ I, Proposition 17.21 4 implies 
that A(LF) 7^ L(F x Stabi) and A(LF) -^ L(Stabi x F). So also assumption (g]) holds. 

The conclusion of Step [2] now follows from Theorem 15. 1[ D 

Since C = M (^ M Ci A^A)' , the unitaries A(ug) normalize C and define an action {/3g)g^T of F on 
C given by f3g{d) = A{ug)dA{ug)* for allg £T,d£ C. 

Step 3. IfHch (C) is a finite dimensional {l5g)g(zY -invariant subspace, we have T-L C CI. 

Proof. Define /C C pL^(M0 M)p as the norm closed linear span of 7iA{M). Then, A{A)1C C /C 
because 7i and A{A) commute. Also, A{ug)IC = K. for all 5 G F because T-L is globally invariant 
under {/3g)gi^r- So, /C is a A(M)-A(M)-bimodule which, by construction, is finitely generated as 
a right A(M)-module. By Proposition [7213, we have /C C A{L^{M)) and hence Ti C A{L'^{M)). 
Since elements of T-L commute with A(^), we have ?^ C A(L {A)). Since the action of F on ^ is 
weakly mixing, the global invariance under (/3g)ggr forces H C CI. D 

Step 4. We have t = 1 and there exists a unitary Q € M®M , a group homomorphism 5 : F — t- F x F 
and a character w : F — t- T such that 

(8.1) Q.*A{ug)VL = u}{g)us(g) for all g e T and n*A{A)n C A^ A . 

Proof. We apply Corollary 16.21 to the crossed product M ® M = (^ ® A) x (F x F). We no 
longer make the simplifying assumption that t ^ 1. So, take a projection p G M„(C) (^i M (^i M 
with (Tr(8)r ^ t){p) = t. The amplified comultiplication is a unital *-homomorphism A : M — )■ 
p(M„(C) (g) M (g) M)p and by step [1] we may assume, after a unitary conjugacy, that p G M„(C) (8) 
L(F X F) and A(LF) C p(M„(C) (g) L(F x T))p. Put C = A(^)' n p(M„(C) ^ M ® M)p. Since 
A is abelian, C" n p(M„(C) ^ M ^ M)p = Z{C). By step ^ C < A® A. By step O the action 
(Ad A(ug))ggr is weakly mixing on Z{C). Even more so, CI is the only finite-dimensional globally 
(Ad A(tig))ggr-iiivariant subspace of C. Since F is an ice group. Proposition I7.2[ 2 implies that 
A(M) 7^ M^ (A X Gentry) and A(M) 7^ (^ x Centrg') ® M. Because the von Neumann algebra 
generated by C and A{ug),g G F contains A(M), all conditions of Theorem 16. H together with the 
extra condition 1 in Corollarv 16.21 are satisfied. 

By Corollary 16.21 we get that t = 1 and that there exists a unitary 0, G M M, a group ho- 
momorphism 5 : F — 7- F X F and a character cj : F — t- T such that Q* A{ug)Q = oo{g) us(g\ and 
n*Cn = A^A. In particular, n*A{A)n C A'^ A. D 



Step 5. End of the proof of Theorem \8. 

Proof. Take Q, 6,uj as in step HI After steplU we decided to replace A by Adw o A. From now on, 
A : LA —7- LA LA is again the comultiplication. The conclusion of step S] remains of course true, 
replacing Q by f*$7. 
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Write 6{g) = iSi{g),62{g)). By Proposition El2, A(M) y^ M {A >i S) whenever 5 < T is of 
infinite index. Hence, the subgroups 5i(r), i = 1, 2, are of finite index in F. 

Applying the flip to (|8.1|) . it follows that ^i5i(g) u^^(^g-j and ^^2(9) ® ^5i(g) ^^^ unitarily conjugate 
inside M (i^M. Since SiiT) C V has finite index, there must exist /i G F such that 52{g) = h6i{g)h~^ 
for all g £ T. Replacing 0, by $7(1 (8) Uh), we may assume that 5i = 82 and we write 5 instead of 

Define F' = (5(F). The co-associativity of A implies that (^^5(3) (E) n5(g) (S" Ug)g^Y' and (ug (8> ^^(g) ® 
'^6(g))g&T-' are unitarily conjugate m. M ® M ® M. Since F' < F has finite index, it follows that 
there exists /i S F such that 5{g) = hgh~^ for all g £ V. Then automatically, 5{g) = hgh~^ for all 
g £ T. Replacing Q by i^{uh tX" Uh), we may assume that 

Q*A{ug)Q = uj{g) Ug (g) Ug for all g £ T . 

If a{a (8) 6) = b® a denotes the flip map, it follows that Q*(T[Vi) commutes with all Ug ® Ug, g £ T 
and hence, is scalar. Similarly, 

(f](g) l)*(A(g)id)(ri)*(id(g> A)(r2)(l(8)il) commutes with ah Ug®Ug®Ug,g£T 

and hence, is scalar. By Theorem 13.31 there exists a unitary w £ M such that Vi = /S.{w*){w ® w). 

To make the end of the argument more clear, we write again explicitly the isomorphism vr : LA — )• 
L(G)*, instead of the implicit identification LA = L(G)*. So far, we have shown that t = 1 and 
we have found a unitary w £ LG and a character a; : F — )• T such that after replacing tt by 
TTj^ o Ad w* o vr, we have 

(7r(g)7r)A(7r"^(^)) = ^^^ and (vr (g) 7r)A(7r~^(ng)) = n^ Ug 

for all g £T. By Lemma l7. II we find an abelian subgroup S < A such that 7r^^(A) = LS and an 
injective group homomorphism p : F — )• A such that T^~^{ug) = Vp(^gy By construction, AdVp(g) 
normalizes LS and hence, Kdp{g) normalizes S. We have found an action of F by automorphisms 
of S and an isomorphism of groups (5 : A — )■ S x F satisfying 6{sp{g)) = {s,g) for all s £ S, 5 S F. 
Moreover, the *-isomorphism vr o vr^-i : L(E) x F — t- ^ xi F maps LS onto A and is the identity 
on Ug,g £ F. We define 9 : LS -^ A as the restriction of vr o ir^-i to LS, ending the proof of the 
theorem. D 

This ends the proof of Theorem 18.21 D 

Proof of Theorem 18.31 

By Theorem[821 we have t = 1 and vr = AdwoTTi^ongoTrs, where w £ LG is a unitary, 5 : A — t- S x F 
is a group isomorphism, a; : A — )■ T is a character and 9 : LS — )■ A is a *-isomorphism satisfying 
9 o ag = (TgO 9 for all g £T. 

For all i £ I, put Fj := Stab*. Recall that A = L(//q ). Denote by Hq < H^^ the copy of 
Hq in position i £ I. Define the subalgebra Bi C LS given by Bi := 9'^ (L-f^o) ■ ^^ claim that 
A(i?j) C Bi (S> Bi. If 6 G Bi, the element {9 (g) 9)A(b) is fixed under the automorphisms ag (gi ag, 
g £ Stabi. Since Stabi-j is infinite for all j 7^ i, this implies that {909)A{b) £ L(//g x Hq). Hence, 
A(6) £ Bi Bi. By Lemma l7. II we find subgroups Sj < S such that Bi = LSj. By construction, 
the subalgebras Bi C LE are independent and generate LS. Hence S = 0jg/ Sj. Denote by 9i the 
restriction of 9 to LEj. So, 9i : LSj — )• 1-iHq is a *-isomorphism. 

In particular, Sj is an abelian group of order |-ffo|- So, if \Hq\ is a square-free integer, necessarily 
Ej = ffo for every i £ I and we easily conclude that A = G. For general non-trivial abelian groups 
Hq, but assuming that F r> / is transitive, choose io £ I and put Hi := Sj^. We have proven that 
A ^ Hill F. 
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In the specific case where Hq = 2Z "-"^ 3Z' ^very algebra isomorphism LSj — )■ I^Hq is group-like. So, 
we find characters 7^ : Hq — )• T and group isomorphisms pi : T,i ^- Hq such that 6i = vr^. o np^ . 

By construction, jg.i = 7^0 cr~^, ag(Sj) = S^.j and (Jg o Pi = Pg-i o a^. So, all 7^ combine into a 

(o"g)ggr-invariant character 7 : i^Q — t- T and all pi combine into an group isomorphism /> : S — )• H(^ 
satisfying p o ag = Ug o p ioi all 5 G T. By construction, 6* = vr^ o vTp. We extend 7 to a character 
7 : G — 7- T by putting ^{g) = 1 for all 5 G T. We extend p to a. group isomorphism /? : S xi F — t- G 
by putting p{g) = g for all g S T. By construction, irg = n^ o iTp. We have proven that 

TT = AdwOTTui-yO TTpoS ■ 

This ends the proof of Theorem 18.31 D 



9. Counterexamples for plain wreath products: proof of Theorem 11.21 

Assume that F is a countable group and Z "^ F an embedding. Let Hq be a non-trivial finite abelian 
group. Using the co-induction construction, we construct a new group A such that L(A) = L{HqIT). 

Define the countable abelian group Sq := Z[|ffo|^^] ^ind denote by a the automorphism of Sq given 
through multiplication by \Hq\. We also denote by {ak)kez the corresponding action of Z by group 
automorphisms of Sq and then, by automorphisms of L(So). We claim that a is conjugate with 
a Bernoulli action with base space {1, . . . , |^o|} equipped with the normalized counting measure. 
View L°°(T) ^ LZ C L(So). Identify L{Ho) = ^°°({1, . . . , \Ho\}) with the subalgebra of L°°(T) that 
consists of the functions that are constant on the intervals {exp(27rit) | t G [{j — l)/|//o|)i/|-f^o|)}- 
After all these identifications, one checks that the subalgebras afc(L(/7o))) k ^ 7^ of L(So) are 
independent and generate L(So). This results into a *-isomorphism 

6q : L(So) — )• ^{Hq ) satisfying 9q o ak = cr^o 9q for all A; G Z . 

Here, {ak)kGZ denotes the Bernoulli shift on 1^{Hq ). 

We now perform the co-induction construction. Choose representatives I C F for the coset space 
F/Z. So, the multiplication map / x Z — )• F is a bijection. We get an action T r\ I : {g,i) h^ g ■ i 
and a map a; : F x / — t- Z such that gi = [g ■ i)u}{g,i) for all g £ T, i £ I. The map w is a 

1-cocycle: uj{gh,i) = uj{g,h ■ i)uj{h,i) for all g,h £ T and i £ I. Define S := Eq and denote by 
TTj : So — )• S the embedding in position i. Then, F acts on S by group automorphisms {I3g)g^r 
defined as /3g o ttj = vr^.j o a^(g,j) . 

Put A = S X F. Observe that A is torsion free whenever F is torsion free. We claim that LA = 
HHolT). 

Identifying (L{Hq ))^ = L(//q ) through the multiplication map / x Z — )• F, the formula 9 = 
(^jgj 9o defines a *-isomorphism 

9 : L{T.) -^ L{hP) satisfying 9 o I3g = ag o 9 for all g£T . 

But then, 9 extends to an isomorphism of the corresponding crossed product IIi factors that are 
isomorphic with L(A) and L^Hq I F) respectively. This proves the claim. 

We have already proven that for F torsion free, there exists a torsion free group A satisfying 
LA ^L{Ho IT). 

To conclude the proof of Theorem 11.21 we show that by varying the initial embedding Z M- F := 
PSL(n, Z), the above construction provides infinitely many non-isomorphic groups A. Assume that 
A = S X F and A' = S' x F are constructed as above from embeddings 77 : Z — t- F and ?]' : Z — )• F. 
It suffices to prove the following. 
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Claim. If for every automorphism 5 G Aut(r), the intersection 5(?7(Z)) n ??'(Z) is reduced to {!}, 
then A ^ A'. 

Assume that A : A — )• A' is an isomorphism of groups. Since PSL(n, Z) has no normal abehan 
subgroups except from {!}, it follows that A(S) = S'. Hence, A is of the form X{x,g) = {■ ■ ■ ,S{g)) 
for some automorphism (5 of F = PSL(n,Z). Since S and S' are abelian groups, it follows that 
-^Is ° Pg = P5{g) ° -^Ie for all g £ T. Denote hy i £ I the coset r/(Z) of the identity element. Take 
a non-trivial element x £ Tjq. Take a finite subset J^ C r/r]'{7j) such that A(7rj(x)) C Sq . We 
prove that A(7ri(So)) C Sjf . Choose y £ Sq- By construction, we can find z £ Tjq such that both 
X and y are a multiple of z. So, A(7rj(x)) is a multiple of X{Tri{z)). Since Sq is torsion free and 
A(7rj(x)) £ T,Q, it follows that A(7rj(z)) £ Sf . But then, A(7ri(y)) £ S^ as weh. 

Since the subgroup vrj(So) is globally invariant under r]{Z), it follows that A(7rj(So)) is globally 
invariant under (5(t/(Z)). But A(7rj(So)) C Sq . Hence, the action of S{r]{7j)) on V lr({jL) has at least 
one finite orbit. Applying the assumption to the automorphism Ad 50 5, we have g6{r]{Z))g^^ n 
r/'(Z) = {1} for all g £T, so that (5(r/(Z)) acts freely on T/r]'{'Z). We have reached a contradiction. 

Remark 9.1. There are essentially two sources of unexpected isomorphisms between IIi factors. 
The first one is Connes' uniqueness theorem for amenable IIi factors |Co76) implying that all LF 
for r amenable ice, are isomorphic. Secondly, Voiculescu's free probability theory leads to striking 
isomorphisms between von Neumann algebras constructed as free products, see e.g. |Vo89] and 
the later developments in |Dy94[ |Dy93[ IDROO| . As an illustration we provide the following list of 
isomorphic group factors LG. 

1. Since infinite tensor products of IIi factors are McDuff, it follows that whenever G = ©^^i Aj 
is the infinite direct sum of ice groups A,, then LG = L(r x G) for all ice amenable groups T. 

2. We have that L(ri * • • • * r„) = LF„ whenever Fi , . . . , r„ are infinite amenable groups and n ^ 2. 
By |Dy93[ Corollary 5.3] the statement holds for n = 2 and next, by induction, 

L(Fi * • • • * F„) ^ L(Fi * • • • * F„_2) * L(F„_i * F„) ^ L(Fi * • • • * F^.a) * L(F2) 
^ L(Fi * • • • * Tn-2 * Z) * L(Z) ^ L(F„_i) * L(Z) ^ L(F„) . 

In the same vein, by [DROOl Theorem 1.5] it follows that whenever G = Ai * A2 * • • • is the infinite 
free product of non-trivial groups Aj, then L(G) = L(Foo * G). 

3. The subtlety of how LG depends on G is nicely illustrated by the following remark due to Ozawa 
|Oz04] . Fix a non-amenable group F and an infinite group A. Consider G„ := Fqo * (F x A)*". 

• If A is abelian and LF = M2(C) (X'L(F), then all L(G„) are isomorphic, though non-isomorphic 
with LFoo. 

• If F, A are ice (and still F non-amenable), then all L(G„) are non-isomorphic. 

The reason for this is the following. Fix arbitrary von Neumann algebras P, Q equipped with 
faithful normal tracial states. Consider the IIi factors Nn := LFoo * (P ® Q)*". If P = M2(C) O P 
and if Q is diffuse abelian, then all Nn are isomorphic. Indeed, applying |Dy94[ Theorem 3.5(iii)] 
to A = LFoo, B = P ® Q and using the fact that 2 belongs to the fundamental group of LFqo, 
it follows that 2 belongs to the fundamental group of A^i. Applying |Dy94[ Theorem 3.5(ii)] to 
the same algebras A,B and using the obvious isomorphism Q = Q L(Z/2Z), it follows that 
A'"i = M2(C) (8) A''2- Since 1/2 belongs to the fundamental group of A'"i, we conclude that Ni = N2. 
But then, Ni = Nn for all n. On the other hand, if P is a non-amenable factor and Q is a diffuse 
factor, then the IIi factors M„ are non-isomorphic. When P and Q are semi-exact, this follows 
from |Uz041 Corollary 3.5]. In the general case, the methods of |IPP05j can be used, see |Pe061 
Theorem 1.4] and |CH08l Theorem 1.1]. 
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4. As observed in |Io061 Proposition 6.4], if L(^i) and L(iJ2) are stably isomorphic, then h{Hil7j) = 
L(i?2 I Z)- In particular, all group von Neumann algebras L(F„ ; Z), n ^ 2, are isomorphic. This 
is in sharp contrast with our Theorem 11.11 saving that the group (Z/2Z)' •* x (F,„ ; Z) is superrigid, 
where I = (Wnl Z)/Z. 

5. In [Bo09al Corollary 1.2] it is shown that the Bernoulli actions F2 r\ (Xo,/Uo) are orbit 
equivalent for different choices of the base probability space (Xq, hq). It follows that all L{H I ¥2), 
H a non-trivial abelian group, are isomorphic. In [Bo09b[ Theorem 1.1] it is shown that for different 
values of n, the Bernoulli actions F„ r\ {Xq, fio)^" are stably orbit equivalent. Hence, for all choices 
of n,m and all non-trivial abelian groups Hi, H2, the IIi factors L(i7i I F„) and L{H2 I F^) are 
stably isomorphic. In particular h((Hil¥n) x Ai) = lj{{H2l¥m) x A2) when Ai, A2 are ice amenable. 

10. W*-SUPERRIGIDITY FOR BERNOULLI ACTIONS OF PRODUCT GROUPS 

Theorem 10.1. Let T be an ice group which admits a chain of infinite subgroups Tq < Ti < 
• • • < r„ = r such that Tfe^i is almost normal in Tk, for every k = 1, . . . ,n and the centralizer 
of Tq inside Fi is non- amenable. Let (A'0,^0) ^e « non-trivial standard probability space. Then 
the Bernoulli action F r\ {X,n) := (Ao,^o)^ is W* -superrigid: if A nv {Y,r]) is an arbitrary free 
ergodic p.m. p. action and vr : L°°(Y) x A — )• L°°{X) x F a * -isomorphism, then A = F and the 
actions are conjugate. 

More precisely, there exist an isom,orphism of groups (5 : A — t- F, an isomorphism of probability 
spaces ^ : y — )• A, a character a; : F — t- T and a unitary w G L°°(A) x F such that '^{s ■ y) = 
5{s) ■ ^(y) for all s £ A and a.e. y £ Y and such that 

vr = (Ad w) O TT^ O TT^g 

where tt^ 5{bvs) = {bo'^^^)us(^s) for all b G L°°(Y), s G A and -KuiiaUg) = u}{g)aug for alia G L°°(A), 
5GF. 

Denote A = L°°(A) and M = yl x F. Put B = L°°(y) and identify M = S x A through vr. Let 
A : Af — 7- M®M be the unital *-homomorphism defined as /S.{bvs) = bvg <^ Vg, for all 6 G i3 and 
s G A. Before continuing, let us record a few useful properties of A. 

Lemma 10.2. Let P C M be a von Neumann subalgebra. 

• IfPy^B,thenA{P)-AM(S)l. 

• IfPis diffuse, then A(P) 7^ 1 O M. 

• //A(M) -< M®P, then LA < M. 

• If A(M) -< P®M , there exists a non-zero projection p £ P' Ci M such that Pp C pMp has 
finite index. 

• If P has no amenable direct summand, then A(P) is strongly non-amenable relative to M f^l 
and 1 (8) M. In particular, if N d M is an am,enable von Neumann subalgebra, then A(P) -/{ 

M®N and A(P) 7^ N®M . 

Proof. To prove 1-4, see [lolOi Lemma 9.2] or adapt the proof of Proposition 17.21 Since B is 
amenable, the M-(M^M)-bimodule (a(m) i» i)L^(-^^'^Af(8)M)(M®i®M) is weakly contained in the 
coarse M-(M® M)-bimodule L (M)(8)L {M(^M). Continuing exactly as in the proof of Proposition 
[7214 yields 5. D 

To prove Theorem 110.11 it is sufficient to show that B ^ A or LA ^ LF. First, if LA -< LF, then 
[lolOl Case (5) in the proof of Theorem 9.1] shows that automatically B ~< A. li B ^ A then, by 
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[PoOlbl Theorem A.l], B and A are unitarily conjugate, so that after such a unitary conjugacy, vr 
is implemented by an orbit equivalence between A r\ Y and T r\ X, together with an T-valued 
cocycle for the action T r\ X. By the cocycle superrigidity theorem (PoOGal Theorem 1.1], we can 
assume that the orbit equivalence is a conjugacy and that the T-valued cocycle is a character. 

We prove Theorem 1 1 . 1 1 by contradiction assuming that B y^ A and LA 7^ LF. The proof consists 
of several steps. 

Step 1. There exists a unitary v G M®M such that v/S.(JjT)v* C L(r x F). 

Proof. Let Q = A(LFo) and denote by P the quasi-normalizer of Q inside M®M. Since A(LFi) C 
P and the centralizer of Fq inside Fi is non-amenable, Lemma flO.21 5 implies that Q'nP is strongly 
non-amenable relative to M ®1 and 1 ® M. Since Fi is non-amenable and A(LFi) C P, Lemma 
UnSlS gives that P 7^ M^A and P 7^ A®M. 

We claim that Q 7^ M ® 1 and Q -/i 1 ® M. Indeed, by Lemma 110.21 it suffices to prove that 
LFq -/{ B. If we assume that LFq -< -B, then [Va07, Lemma 3.5.] implies that B ~< (LFq)' n M. 
Since Fq is infinite, we get that (LFo)'nM C LF and therefore B -< LF, contradicting the fact that 
B is regular in M (see |Po03l Theorem 3.1]). 

Applying Corollary 14.31 3 we get a unitary v S M®M such that vPv* C M®LT. Repeating the 
last part of step [1] in the proof of Theorem 18.21 yields the conclusion. D 

From now we replace A by (Adf)oA and assume that A(LF) C L(FxF). Let C = A(A)'n(M^M). 

Step 2. For every projection p £ 2.{C) we have Cp -< A(S>A. Moreover there exists a unitary 
u G M®M such that uZ{C)u* C A^A. 

Proof. Since F is non-amenable, by Lemma [10.2l we have that A(LF) 7^ LF(8)1 and A(LF) 7^ lig)LF. 
We claim that A(A) -/{ LF^M and A(^) 7^ M®LT. If we assume the contrary, since A(M) is 
contained in the quasi-normalizer of IS.{A) inside M®M^ [lolOl Proposition 3.5] implies that one of 
the following holds: A(^) ^1®M, A(M) ^ LF®M, A(A) -< M(8)l or A(M) -< M®LF. Applying 
Lemma llO. 21 we get that either A is not diffuse, L(F) has finite index in M, A ^ B or LA -< LF, all 
of which give a contradiction. 

Since {A(iig)}ggr normalize A(j4), the previous paragraph allows us to apply |IolO[ Theorem 6.1] 
and the conclusion follows. D 

Note that the unitaries {A(itg)}ggr normalize C and denote by {j3g)g^Y the action of F on C given by 
I3g{x) = A{ug)xA{ug)* , for ^ € F and x € C. step [2] implies that the algebra Zq := Z(C)nL(F x F) 
is completely atomic. Let p € Z^he a minimal projection and let G C F be a finite index subgroup 
such that p is (/3g)g(=G-invariant. 

We claim that the action {j3g)g^G on Z{C)p is weakly mixing. To prove this claim, let Ti C Z{C)p 
be a finite dimensional (/3g)ggG-invariant subspace. Then % is contained in the quasi-normalizer 
of A(LG)p inside p{M®M)p. Since A(LG) 7^ LF (g) 1 and A(LG) 7^ 1 (g) LF, we get from iVaOTl 
Lemma 4.2] that H C pL(F x V)p. Thus % C Zqp = Cp, proving the claim. 

For d ^ 1, we denote by Qd the group {u Ug\u £ W(M^(C)),g G F x F}. 

Step 3. There exist d ^ 1, two groups K d Q <Z Qd with K finite and normal in Q, a group 
homomorphism 5 : G ^ Q / K , a partial isometry w £ Mi_rf(C) (g L(F x F) with ww* = p and 

w*w = pK ■■= \K\-^Y.keK^' ^^c/i thatw*Cw = (Md{C)(g){A0A))^'^^pK andw*A{ug)w = 5{g)pK 
for all g £ G. 
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Proof. We apply Theorem 16.11 and Corollary 16.21 2 to the crossed product M®M = [A® A) xi (F x 
r). Since the action {A.d{/S.{ug)p))gi^G on Z{Cp) is weakly mixing, Cp -< Ai^A by step El and 
(Cp)' r\p{M®M)p = Z(Cp), all conditions of Theorem 16.11 are indeed satisfied. 

Moreover, also the extra condition 2 in Corollary 16.21 holds. Indeed, if a subgroup H oiT x T acts 
non-ergodically on A(S'A, then H C Hq xT or H gT x Hq for some finite subgroup Hq of F. Since 
G is non-amenable, from Lemma [10.2l we know that A(LG) 7^ (A^A) x H, for eyery such subgroup 
H oiT xT. Thus, we also have that A^ 7^ {A(S>A) x H, where A^ denotes the von Neumann algebra 
generated by Cp and A(LG)p. 

Theorem 16.11 and Corollary 16.21 2 provide the conclusion of stepO D 

Step 4. End of the proof of Theorem \10.1\ 

Proof. Denote by 7 : Z//(Mrf(C)) x F x F — t- F the group morphism 'j{u,g, h) = h. Put Gq := ^{G) 
and Kq := 'y{K). By construction, Kq is a finite normal subgroup of Go and we still denote by 
7 the natural group homomorphism 7 : G/K — )• Go/Kq. Denote by Gi < G the kernel of the 
homomorphism 'j o 5. By construction, w*A(IjGi)w -< M f^ 1 and hence, A(LGi) -< M (^ 1. By 
Lemma llU. 21 we have LGi -< B and the proof of step [T] implies that Gi cannot be infinite. 

We consider the Fourier decomposition of elements in Mrf(C) (^i M M with respect to the crossed 
product Md(C)® M®M = (Mrf(C) M^A) x F, where F only acts on A. Note that the Fourier 
coefficients of a bounded sequence x„ G M(i{C) ® M ® M tend to zero pointwise in || • ||2 if and 
only if 

II^Md(c)®M®AKn6)||2 ^0 for all a,heMd{C)®M®M . 

It follows that for all a,b £ Mrf(C) M (Si M, also the Fourier coefficients of axnb tend to zero 
pointwise. We also consider the Fourier decomposition of elements in M with respect to the 
crossed product M = A xT. In both situations, we denote the Fourier coefficients of an element x 

as {x)g, g £T. When x G Mrf(C) ^M^M, then {x)g £ Md{C) ^W^A. 

Define the normal *-homomorphism 9 : A ^ (Mrf(C) A0 A) such that w*A{a)w = 9{a)pK 

for all a £ A. By step [3] we get that for ail x G A x G and all /i G F, we have 

Y^{w*A{x)w)hk{l(Sl(Suhk)= Y. ^{{x)g)5{9)PK ■ 

k€Ko geGn(&(g))=hKo 

Recall that for a fixed /i G F, there are only finitely many g £ G satisfying 7(^(3)) = HKq. So, if 
Xn is a bounded sequence in A x G whose Fourier coefficients tend to zero pointwise, the same is 
true for w*A{xn)w. By the remarks in the previous paragraph, the Fourier coefficients of A(x„)p 
then also tend to zero pointwise. 

Next, let Xn be a bounded sequence in yl x F whose Fourier coefficients tend to zero pointwise. Let 
5i) • • • ) 5s £ r be representatives for T/G. Define for j = 1, . . . ,s, 

xi := EAxG{u*g^Xn) . 

Then for every j, we have that {xn)n is a bounded sequence in ^ x G whose Fourier coefficients 
tend to zero pointwise. The previous paragraph, together with the formula 

s 

^{xn)p = Y,A{ug^)A{xi)p , 
i=i 
imply that the Fourier coefficients of A(x„)p tend to zero pointwise. 

Since S 7^ A, Definition 12.11 provides a sequence of unitaries 5„ whose Fourier coefficients tend to 
zero pointwise. By the previous paragraph the same is true for A{bn)p- But for b £ B, we have 
A(b) = v(b<S l)v* (recall that the unitary v £ M ® M was given by step [T] and that we conjugated 
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the initial comultiplication A by v). So, A{bn)p = v{bn l)vp and it follows that the Fourier 
coefficients of (5„ l)vp tend to zero pointwise. Taking the ^-th Fourier coefficient we get that 

||('yp)5l|2 = \\bn{vp)g\\2 = ||((6n '^ l)vp)g\\2 -> 

for all g GT. We reached the contradiction that p must be 0. D 

This ends the proof of Theorem 110.11 D 
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